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SYMMETRIC PERIODIC ORBITS AND INVARIANT DISK-LIKE
GLOBAL SURFACES OF SECTION ON THE THREE-SPHERE
SEONGCHAN KIM
Abstract. We study Reeb dynamics on the three-sphere equipped with a
tight contact form and an anti-contact involution. We prove the existence of
a symmetric periodic orbit and provide necessary and sufficient conditions for
it to bound an invariant disk-like global surface of section. We also study the
same questions under the presence of additional symmetry and obtain similar
results in this case. The proofs make use of pseudoholomorphic curves in
symplectizations. As applications, we study Birkhoff’s conjecture on disk-like
global surfaces of section in the planar circular restricted three-body problem
and the existence of symmetric closed Finsler geodesics on the two-sphere. We
also present applications to some classical Hamiltonian systems.
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1. Introduction
The goal of this article is to study global dynamical properties of the Reeb
flows on the tight three-sphere equipped with a symmetry. Recall that a contact
three-manifold is a three-manifold M equipped with a maximally non-integrable
hyperplane distribution ξ, called a contact structure. If ξ is co-oriented, then there
exists a global one-form λ on M , called a contact form (defining ξ), such that
ξ = kerλ. Note that if λ is a contact form, then λ ∧ dλ is non-vanishing and that
for every smooth non-vanishing function f on M , the one-form fλ is a contact
form defining the same contact structure as λ. By abuse of terminology, we also
call the pair (M,λ) a contact manifold. We are interested in the dynamics of the
Reeb vector field R = Rλ of λ uniquely characterized by the equations
λ(R) = 1 and ιRdλ = 0.
A periodic Reeb orbit will be denoted by P = (x, T ), where x : R → M solves the
differential equation x˙ = R◦x and T > 0 is a period. It is said to be simply covered
if T is the minimal period, namely, if k ∈ N is such that T/k is a period of x, then
k = 1. It is called unknotted if the trace x(R) bounds an embedded closed disk.
In the sequel, by a periodic orbit we always mean a periodic Reeb orbit. Since the
Reeb flow φtR satisfies (φ
t
R)
∗λ = λ, it preserves the splitting TM = 〈R〉 ⊕ ξ so that
we have the restriction of the linearized Reeb flow to ξ
dφtR(z)|ξz : ξz → ξφtR(z), z ∈M.
A periodic orbit P = (x, T ) is called non-degenerate if 1 is not an eigenvalue of
dφTR(x(0))|ξx(0) . This does not depend on the parametrization. If every periodic
orbit is non-degenerate, then we say that λ is non-degenerate.
A smooth involution ρ defined on a contact manifold (M,λ) is said to be anti-
contact if ρ∗λ = −λ. In this case, the triple (M,λ, ρ) is called a real contact
manifold. Since dimM = 3, every anti-contact involution is orientation-preserving.
We assume that the fixed point set Fix(ρ) is non-empty. The Reeb vector field R
satisfies ρ∗R = −R from which we find φtR = ρ◦φ−tR ◦ρ. A chord C = (c, T/2) is an
integral curve c : [0, T/2]→M of R with boundary condition c(0), c(T/2) ∈ Fix(ρ).
Closing it up via ρ provides us with one of the main characters of this article, a
symmetric periodic orbit P = (x, T ) defined as
x : [0, T ]→M, x(t) :=
{
c(t) if t ∈ [0, T/2],
c(t) := ρ ◦ c(T − t) if t ∈ [T/2, T ].
The other main character is an invariant global surface of section. Recall that
a global surface of section for R is an embedded compact surface Σ ⊂ M such
that each connected component of the boundary ∂Σ, called the spanning orbits,
is a periodic orbit, the interior Σ˚ of Σ is transverse to R, and all orbits of R in
M \ ∂Σ hit Σ˚ infinitely often forward and backward in time. When M is equipped
with an anti-contact involution ρ, we call a global surface of section Σ invariant if
ρ(Σ) = Σ. In what follows, we only consider the case that Σ = D is a disk. It is
obvious that the boundary is a symmetric periodic orbit. The result of Kere´kja´rto´,
see for instance [13, Proposition 3.3], shows that Fix(ρ) ∩ D is a simple arc such
that the two connected components of D \Fix(ρ) are permuted by ρ. The presence
of an invariant disk-like global surface of section D enables us to reduce the Reeb
dynamics onM to the study of an area-preserving homeomorphism ofD satisfying a
3certain property: Abbreviate by ψ : D˚→ D˚ the associated first return map defined
by ψ(x) = φ
τ(x)
R (x), where
τ(x) := min{t > 0 | φtR(x) ∈ D˚}
is the first return time of x ∈ D˚. It is reversible with respect to ρ in the sense
that ψ ◦ ρ|
D˚
◦ ψ = ρ|
D˚
. It then follows from [44, Proposition 5.3] that there exists
x ∈ D˚ such that ψ(x) = x = ρ(x), called a symmetric fixed point, corresponding
to a symmetric periodic orbit distinct from ∂D. See also [19, Section 9.7]. By
[44, Theorem 1.1] there exist either two or infinitely many symmetric periodic
orbits. Even the existence of a non-symmetric periodic orbit forces the existence of
infinitely many symmetric periodic orbits.
Example 1.1. Recall that the Reeb flow of the standard contact form on S3 =
{(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} is given by φtR(z1, z2) = (e2itz1, e2itz2) and hence
defines the Hopf fibration. The associated first return map is the identity map, and
the first return time is the constant function π. The fiber S1 × {0} ⊂ S3 binds an
open book decomposition of S3 whose pages are the disks
Dϑ =
{
(z, eiϑ)√|z|2 + 1
∣∣∣∣ z ∈ C
}
⊂ S3, eiϑ ∈ S1.
EachDϑ is a disk-like global surface of section. Consider the anti-contact involution
ρ(z1, z2) = (z1,−z2). The fiber S1 × {0} is a ρ-symmetric periodic orbit, and the
open book decomposition is ρ-symmetric in the sense that ρ(Dϑ) = Dπ−ϑ. Among
the disks, only Dπ/2 and D3π/2 are ρ-invariant.
A contact structure ξ is said to be overtwisted if there exists an overtwisted disk,
i.e. an embedded disk D such that the boundary ∂D is a Legendrian curve and
TqD 6= ξq for all q ∈ ∂D. If there exists no overtwisted disk, then ξ is called tight.
Assume thatM = S3. Since ρ is orientation-preserving, the result of Smith [56] tells
us that Fix(ρ) ∼= S1, provided that Fix(ρ) 6= ∅. In view of the results by Bennequin
and Eliashberg [5, 16], there exists a unique, up to diffeomorphism, tight contact
structure ξ0 on S
3 which is determined by a contact form λ = fλ0, where f is a
smooth non-vanishing function and λ0 := (1/2)(q1dp1 − p1dq1 + q2dp2 − p2dq2) is
the Liouville form on R4. We call the pair (S3, ξ0) the tight three-sphere. A contact
form defining ξ0 is called a tight contact form. Let λ = fλ0 be a tight contact
form. Then a smooth involution ρ is anti-contact if and only if f ◦ ρ = f and
ρ∗λ0 = −λ0. The triple (S3, λ, ρ) is called a real tight three-sphere (with respect to
ρ). For example, a compact hypersurface in R4 which is star-shaped with respect to
the origin and invariant under complex conjugation is a real tight three-sphere. We
say that a real tight three-sphere (S3, λ, ρ) is non-degenerate if λ is non-degenerate.
The following statement is proved in Section 5. It follows easily from automatic
transversality of embedded fast finite energy planes due to Hryniewicz [37] and the
existence result of (not necessarily invariant) disk-like global surfaces of section due
to Hryniewicz and Saloma˜o [38]. We remark that not every Reeb flow on the tight
three-sphere admits a disk-like global surface of section, see [57].
Theorem 1.2. Assume that a real tight three-sphere (S3, λ, ρ) is non-degenerate.
A simply covered symmetric periodic orbit P = (x, T ) bounds an invariant disk-like
global surface of section if and only if it is unknotted, has self-linking number equal
to −1 and Conley-Zehnder index at least 3, and P is linked to every periodic orbit
4 SEONGCHAN KIM
of Conley-Zehnder index equal to 2. In this case, P bounds two invariant disk-
like global surfaces of section, and they form an embedded two-sphere containing
Fix(ρ) ∼= S1. If λ is dynamically convex, i.e. every periodic orbit has Conley-
Zehnder index at least 3, the non-degeneracy assumption can be dropped.
We say that a periodic orbit P = (x, T ) is geometrically distinct from P = (x, T )
if x(R) ∩ x(R) = ∅. In this case, P determines a homology class [x] ∈ H1(S3 \
x(R);Z) ∼= Z. If [x] 6= 0, then P is said to be linked to P . For definition of the
self-linking number, see Subsection 3.3.
Remark 1.3. The two global surfaces of section D1 and D2 obtained in the above
theorem are related by
D˚2 = {φτ(x)/2R (x) | x ∈ D˚1}.
Therefore, if x ∈ D˚1 is a symmetric fixed point of the associated first return map,
then φ
τ(x)/2
R (x) ∈ D˚2 is a symmetric fixed point of the first return map associated to
D2. Thus, the two points belong to a single symmetric periodic orbit geometrically
distinct from P = ∂D1 = ∂D2. In view of a result of Hryniewicz [39], it is also
unknotted and has self-linking number equal to −1.
Consider the family of anti-contact involutions
(z1, z2) 7→ (eiϑ1z1, eiϑ2z2) (1.1)
on S3 for ϑ1, ϑ2 ∈ R. Abbreviate by P∗ the set of unknotted simply covered non-
symmetric periodic orbits of self-linking number equal to −1 and Conley-Zehnder
index equal to 2.
Theorem 1.4. Consider a non-degenerate real tight three-sphere (S3, λ, ρ) such
that ρ has the form (1.1). Assume that P∗ = ∅. Then there exists an unknotted
simply covered symmetric periodic orbit P of self-linking number equal to −1 and
having Conley-Zehnder index in {2, 3, 4}. In the dynamically convex case, one can
drop the non-degeneracy assumption, and the Conley-Zehnder index of P belongs
to {3, 4}.
The reason why we only consider the anti-contact involutions ρ of the form (1.1) is
that in the proof we interpolate between the Reeb dynamics of λ and the “simplest”
one, where the latter carries exactly two unknotted simply covered ρ-symmetric
periodic orbits of self-linking number equal to −1 and Conley-Zehnder index ≥ 3,
see Section 6. The hypothesis that P∗ = ∅ is used in the bubbling off analysis.
The existence of a symmetric periodic orbit (not assuming any other properties) is
related to a conjecture of Seifert, see Remark 1.7 below.
Remark 1.5. As mentioned above, the proof of Theorem 1.2 makes use of the result
due to Hryniewicz and Saloma˜o saying that a simply covered periodic orbit P on a
non-degenerate tight three-sphere bounds a disk-like global surface of section if and
only if it is unknotted, has self-linking number equal to −1 and Conley-Zehnder
index ≥ 3, and is linked to every periodic orbit of Conley-Zehnder index equal to
2. In their proof, in fact they only make use of the assumption that P is linked
to every periodic orbit which is the asymptotic limit of an embedded finite energy
plane of index equal to 2. See [38] for more details. By means of [31, Theorem 1.7]
such periodic orbits have self-linking number equal to −1. Therefore, the assertion
5of Theorem 1.2 holds as well if we replace the last condition by saying that the set
of unknotted simply covered periodic orbits of self-linking number equal to −1 and
Conley-Zehnder index equal to 2 is empty.
As an immediate corollary of Theorems 1.2 and 1.4, Remark 1.5, and [44, Corol-
lary 1.2] we obtain the following assertion which is a refinement of the results of
Frauenfelder and Kang [18], where a contact form is assumed to be dynamically
convex.
Theorem 1.6. Assume that a non-degenerate real tight three-sphere (S3, λ, ρ) sat-
isfies that there exists no unknotted simply covered periodic orbit of self-linking
number equal to −1 and Conley-Zehnder index equal to 2. Then there exists a sym-
metric periodic orbit which bounds an invariant disk-like global surface of section
and has Conley-Zehnder index equal to 3 or 4. As a result, there exist either two
or infinitely many symmetric periodic orbits. The existence of a non-symmetric
periodic orbit forces the existence of infinitely many symmetric periodic orbits. If
λ is dynamically convex, then the same assertions hold without the non-degeneracy
assumption.
Remark 1.7. In [54] Seifert shows that in a mechanical Hamiltonian system defined
on R2n, a regular energy level satisfying certain conditions, but not necessarily of
contact type, carries a symmetric periodic orbit with respect to complex conjuga-
tion. He conjectures the existence of at least n geometrically distinct symmetric
periodic orbits. The case n = 2 is proved recently by Giambo`, Giannoni, and Pic-
cione [21]. If an energy level in R4 is star-shaped and the associated contact form
is dynamically convex, then a stronger statement holds: there exist at least two
unknotted symmetric periodic orbits of self-linking number equal to −1, see [18,
Theorems 2.3 and 2.6]. In view of Remark 1.3, Theorem 1.6 refines this statement.
Suppose that a real tight three-sphere (S3, λ, ρ) is endowed with a diffeomor-
phism σ such that σ∗λ = λ and σp = Id for some p ∈ N. Assume that
σ ◦ ρ ◦ σ = ρ. (1.2)
For each j = 0, 1, . . . , p−1, the smooth map ρj := σj ◦ρ is an anti-contact involution
with ρ0 = ρ. A periodic orbit P = (x, T ) is said to be (ρ, σ)-symmetric if ρj(x(R)) =
x(R) for all j. A disk-like global surface of section D is called (ρ, σ)-invariant if
ρj(D) = D for all j. The boundary ∂D is a (ρ, σ)-symmetric periodic orbit. Since
ρ0|D and ρ1|D are area-preserving, Fix(ρ0|D) ∩ Fix(ρ1|D) 6= ∅, i.e. there exists
z∗ ∈ D˚ such that ρ0(z) = z = ρ1(z). By definition of ρj , we find that σ(z∗) = z∗
(and ρj(z∗) = z∗ for all j). Therefore, the presence of a common fixed point of
ρ and σ is a necessary condition for a (ρ, σ)-invariant global surface of section to
exist.
Consider the special case that p = 2. In this case σ is a contact involution,
meaning that it is an involution such that σ∗λ = λ. Assumption (1.2) now reads
ρ◦σ = σ◦ρ. The two commuting anti-contact involutions ρ and ρσ := σ◦ρ generate
dihedral symmetry on S3. A (ρ, σ)-symmetric periodic orbit or a (ρ, σ)-invariant
global surface of section is also referred to as a doubly-symmetric periodic orbit or
a doubly-invariant global surface of section. If P = (x, T ) is a doubly-symmetric
periodic orbit, then c = x|[0,T/4] is the chord with boundary condition c(0) ∈ Fix(ρ)
and c(T/4) ∈ Fix(ρσ) and recovers x in such a way that
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x(t) =

c(t) if t ∈ [0, T/4],
ρσ ◦ c(T/2− t) if t ∈ [T/4, T/2],
ρ ◦ ρσ ◦ c(t− T/2) if t ∈ [T/2, 3T/4],
ρ ◦ c(T − t) if t ∈ [3T/4, T ].
As before, Fix(ρ) ∩ Fix(ρσ) 6= ∅ is a necessary condition to the existence of a
doubly-invariant disk-like global surface of section.
Example 1.8 (continued). Fix p ∈ N and consider σ(z1, z2) = (e2πi/pz1, z2). Note
that ρj(z1, z2) = (e
2πij/pz1,−z2) and that Fix(ρ) ∩ Fix(σ) = {(0, 0, 0,±1)}. The
fiber S1×{0} is a (ρ, σ)-symmetric periodic orbit, and the given open book decom-
position is (ρ, σ)-symmetric in the sense that ρj(Dϑ) = Dπ−ϑ for j = 0, 1, . . . , p−1.
The two disks Dπ/2 and D3π/2 are the only (ρ, σ)-invariant disk-like global surfaces
of section, and they contain (0, 0, 0, 1) and (0, 0, 0,−1), respectively.
The following assertion is proved in Section 5 in the same way as Theorem 1.2.
Theorem 1.9. Assume that a non-degenerate real tight three-sphere (S3, λ, ρ) ad-
mits a p-periodic strict contactomorphism σ satisfying condition (1.2). Assume
further that Fix(ρ) ∩ Fix(σ) 6= ∅. A simply covered (ρ, σ)-symmetric periodic or-
bit P = (x, T ) bounds a (ρ, σ)-invariant disk-like global surface of section if and
only if it is unknotted, has self-linking number equal to −1 and Conley-Zehnder
index greater than or equal to 3, and P is linked to every periodic orbit of Conley-
Zehnder index equal to 2. Moreover, #(Fix(ρ) ∩ Fix(σ)) = 2, and P bounds
two (ρ, σ)-invariant disk-like global surfaces of section containing either point in
Fix(ρ) ∩ Fix(σ). If λ is dynamically convex, the non-degeneracy assumption can be
dropped.
The most interesting p-periodic contactomorphisms on S3 might be the following:
Given coprime integers p ≥ q ≥ 1, the three-sphere S3 admits the p-periodic
diffeomorphism
gp,q : S
3 → S3, (z1, z2) 7→
(
e2πi/pz1, e
2πiq/pz2
)
.
Each gp,q satisfies condition (1.2) with respect to the anti-contact involutions of
the form (1.1), and g∗p,qλ0 = λ0. Moreover, gp,q generates a free Zp-action on S
3,
and the orbit space L(p, q) = S3/Zp is a lens space. Note that L(1, 1) = S
3 and
L(2, 1) ∼= RP 3. Recall that
π1(L(p, q)) ∼= Zp and π2(L(p, q)) = {0}.
We fix p ≥ q ≥ 1 and assume that a tight contact form λ on S3 satisfies g∗p,qλ = λ.
Thus, it descends to a contact form λ on L(p, q) whose associated contact structure
is denoted by ξ0. It is universally tight, meaning that its lift to the universal
covering is tight. In view of condition (1.2) the anti-contact involution ρ descends
to an anti-contact involution ρ on (L(p, q), λ). We call the triple (L(p, q), λ, ρ) a
real universally tight lens space.
Since gp,q and ρ has no common fixed point on S
3, there does not exist a (ρ, gp,q)-
invariant disk-like global surface of section. Instead, we study a ρ-invariant p-
rational disk-like global surface of section on (L(p, q), λ, ρ). Recall that a periodic
orbit P = (x, T ) is said to be p-unknotted if there exists an immersion u : D →
L(p, q) such that u|D\∂D is an embedding, and u|∂D : ∂D → x(R) is a p-covering
7map. In this case, u is called a p-disk for P . For a p-unknotted periodic orbit,
there exists a well-defined (rational) self-linking number, see Subsection 3.3. Since
π2(L(p, q)) = {0}, it does not depend on the choice of a p-disk. By a p-rational disk-
like global surface of section, we mean a p-disk u : D→ L(p, q) such that u(D \ ∂D)
satisfies the same properties as the interior of a disk-like global surface of section.
Theorem 1.10. Let (L(p, q), λ, ρ) be as above. Assume that λ is dynamically
convex, i.e. every contractible periodic orbit has Conley-Zehnder index at least 3.
Then a simply covered symmetric periodic orbit P bounds an invariant p-rational
disk-like global surface of section if and only if it is p-unknotted and has self-linking
number equal to −1/p.
The existence of a simply covered p-unknotted periodic orbit with self-linking
number equal to −1/p on (L(p, 1), λ) is proved by Schneider [52]. The statement is
left open for q > 1. Following Schneider’s argument, we prove
Theorem 1.11. Let (L(p, 1), λ, ρ) be a dynamically convex real universally tight
lens space, where ρ is the restriction of an anti-contact involution on S3 of the form
(1.1) with either ϑ1 = 0 or ϑ2 = 0. Then there exists a simply covered symmetric
periodic orbit which is p-unknotted and has self-linking number equal to −1/p. Its
p-th iterate has Conley-Zehnder index equal to 3 or 4.
The condition either ϑ1 = 0 or ϑ2 = 0 is used in the bubbling off analysis in the
proof, see Lemma 6.6.
Suppose that a real tight three-sphere (S3, λ, ρ) admits gp,1 for some p. We
impose the following equivalence relation on the set of periodic orbits. Two periodic
orbits P1 and P2 are equivalent if and only if each of them is a ρj-symmetric periodic
orbit for some j and P2 = g
i
p,1(P1) for some i. Therefore, an equivalence class
consists of either a single (ρ, σ)-symmetric periodic orbit or p periodic orbits. By
the preceding two theorems and results due to Kang [44] we obtain the following
statement as a corollary.
Theorem 1.12. Let (S3, λ, ρ) be a dynamically convex real tight three-sphere such
that ρ is of the form (1.1) with either ϑ1 = 0 or ϑ2 = 0. Assume that λ satisfies
g∗p,1λ = λ for some p ≥ 1. Then there exists a (ρ, gp,1)-symmetric periodic orbit on
S3 which bounds a ρ-invariant disk-like global surface of section. It is the lift of a
ρ-symmetric periodic orbit on L(p, 1) that bounds a ρ-invariant p-rational disk-like
global surface of section. As a result, there exist two or infinitely many equivalence
classes of periodic orbits on S3. In particular, in the case that p = 2 there exist two
or infinitely many doubly-symmetric periodic orbits.
Further discussion. A symmetric periodic orbit is said to be symmetrically un-
knotted if there exists a spanning disk which is invariant under the symmetry. The
following question naturally arises.
Is an unknotted symmetric periodic orbit symmetrically unknotted?
Theorem 1.2 shows that if an unknotted symmetric periodic orbit P has sl(P ) = −1
and µCZ(P ) ≥ 3 and satisfies the described linking condition, then the answer is
affirmative, provided that the contact form is non-degenerate. In particular, if the
contact form is dynamically convex, then every unknotted symmetric periodic orbit
with self-linking number equal to −1 is symmetrically unknotted.
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2. Applications
2.1. The restricted three-body problem and Birkhoff’s conjecture. The
planar circular restricted three-body problem (PCR3BP) studies the dynamics of
a massless body, called the moon, attracted by two primaries, called the earth and
the sun, according to Newton’s law of gravitation. We scale the total mass of the
system to one so that the mass of the sun is given by µ ∈ (0, 1) and the mass of
the earth equals 1− µ. We assume that they move in circular orbits. The moon is
restricted to the plane spanned by the earth and the sun. Due to Jacobi, passing
to a rotating coordinate system the Hamiltonian of the system becomes
H : T ∗ (C \ {E, S})→ R
H(q, p) =
1
2
|p|2 − 1− µ|q − E| −
µ
|q − S| + q1p2 − q2p1 − µp2,
where E = (0, 0) and S = (1, 0) are the positions of the earth and the sun, respec-
tively. This Hamiltonian is time-independent, and hence it is preserved along the
Hamiltonian flow.
It is well-known that there are precisely five critical values of H . We are in-
terested in energies c smaller than the first (or smallest) critical level c1, where
the corresponding energy hypersurface H−1(c) consists of three connected compo-
nents: two bounded ones and an unbounded one. The two bounded components
contain either primary. We concentrate on the earth component, i.e. the bounded
component near the origin, say Σc. It is non-compact due to collisions with the
earth. However, the two-body collision can be always regularized. Using the Moser
regularization [46] it was shown in [2] that the regularization Σc of Σc is contacto-
morphic to the universally tight real projective space RP 3 = L(2, 1). It is invariant
under the anti-contact involution ρ(q1, q2, p1, p2) = (q1,−q2,−p1, p2). Abbreviate
L := Fix(ρ) and define L1,L2 ⊂ L such that L = L1 ∪ L2 by
π(L1) =
{
(q1, 0) ∈ π(Σc) : q1 ≤ 0
}
, π(L2) =
{
(q1, 0) ∈ π(Σc) : q1 ≥ 0
}
,
where π : T ∗C → C is the footpoint projection. Kang [43] classifies symmetric
periodic orbits on Σc into the following two types. A symmetric periodic orbit
P = (x, T ) is of type I if the associated half-chord C = (c, T/2) satisfies c(0) ∈ L1
and c(T/2) ∈ L2, or the other way around. Otherwise, it is of type II.
On the other hand, via the Levi-Civita regularization [45], the regularized double
cover Σ˜c of Σc is contactomorphic to the tight three-sphere. The anti-contact
involution ρ on Σc lifts to the two commuting anti-contact involutions on Σ˜c
ρ1(v1, v2, u1, u2) = (v1,−v2,−u1, u2)
and
ρ2(v1, v2, u1, u2) = (−v1, v2, u1,−u2)
for (v1, v2, u1, u2) ∈ S3 ⊂ R4 ≡ C2. The composition ι := ρ1 ◦ ρ2 is the antipodal
map (v1, v2, u1, u2) 7→ (−v1,−v2,−u1,−u2). The sets L1 and L2 lift to L1 :=
9Fix(ρ1) and L2 := Fix(ρ2), respectively. In this way, Kang observes that symmetric
periodic orbits of type I on Σc correspond to doubly-symmetric periodic orbits on
Σ˜c and those of type II on Σc correspond to symmetric, but not doubly-symmetric
periodic orbits on Σ˜c.
In 1915, Birkhoff proved the existence of so-called a retrograde periodic orbit on
each bounded component of the energy hypersurface for c < c1, see [6]. This is a
symmetric periodic orbit of type I and projects onto the q-plane as a simple closed
curve encircling the corresponding primary in the direction opposite to the coordi-
nate system. A periodic orbit projecting onto the q-plane as a simple closed curve,
but encircling the corresponding primary in the same direction as the coordinate
system is called a direct periodic orbit. In a real-world situation, a direct periodic
orbit is more important since most orbits of moons in the solar system are direct.
Note that the orbit of Triton, the largest moon of Neptune, is retrograde. Numeri-
cal experiments support the existence of a direct periodic orbit. While Birkhoff did
not give an analytic proof of its existence, he pointed out that a direct periodic orbit
is sometimes degenerate. This led him to conjecture that a (doubly covered) ret-
rograde periodic orbit always bounds a disk-like global surface of section. Birkhoff
believed that a fixed point of the associated first return map, whose existence is
assured by Brouwer’s translation theorem, corresponds to a (doubly covered) direct
periodic orbit.
Albers, Fish, Frauenfelder, Hofer, and van Koert proved in [1] that for every
c < −3/2, there exists µ0 = µ0(c) close enough to 1 such that for each µ ∈ (µ0, 1),
Σ˜c is strictly convex. In view of the result due to Hofer, Wysocki, and Zehnder
[33] this implies that Birkhoff’s conjecture holds in this case. In [42] Hryniewicz
and Saloma˜o studied if one can find a rational global surface of section in Σc whose
spanning orbit is the simply covered retrograde periodic orbit. Using the result
of [1], they provide an affirmative answer if µ = 1 − ε for ε > 0 small enough.
As the doubly covered retrograde periodic orbit is unknotted and has self-linking
number equal to −1, we have the following refinement of the result of Hryniewicz
and Saloma˜o.
Theorem 2.1. Given c < −3/2, there exists µ0 = µ0(c) close enough to 1 such
that for all µ ∈ (µ0, 1), the doubly covered retrograde periodic orbit bounds ρ1-
invariant disk-like global surfaces of section D and ι(D) in Σ˜c. They descend to a
ρ-invariant rational disk-like global surface of section in Σc spanned by the simply
covered retrograde periodic orbit. Moreover, there exist either two or infinitely many
symmetric periodic orbits of type I on Σc.
2.2. Existence of symmetric closed Finsler geodesics. Let N be a closed con-
nected n-dimensional smooth manifold. Choose local coordinates on TN , (q, v) =
(q1, . . . , qn, v1, . . . , vn). A Finsler metric F on N is a non-negative function on TN
having the following properties:
• G := F 2/2 is smooth on TN \N .
• F (q, v) = 0 if and only if v = 0.
• F (q, λv) = λF (q, v) for all λ > 0.
• For each q ∈ N and v 6= 0 ∈ TqN , the symmetric bilinear form
〈·, ·〉v : TqN × TqN → R, (u,w) 7→
∂2G
∂s∂r
∣∣∣∣
s=r=0
(q, v + su+ rw),
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is positive-definite.
The critical points of the Finsler energy functional
E (q) :=
∫ b
a
G(q(t), q˙(t))dt, q : [a, b]→ N
are called geodesics of the Finsler metric F or simply F -geodesics. Suppose that
N is equipped with an involution f . Abbreviate by Q = Fix(f) the fixed point
set of f , which is assumed to be non-empty. We impose the following additional
condition.
• (f -invariance) F (f(q),−df(q)v) = F (q, v) for all (q, v) ∈ TN \N .
We call such F a real Finsler metric and the triple (N,F, f) a real Finsler manifold.
A closed F -geodesic q : [0, T ]→ N is said to be symmetric if f(q(t)) = q(−t). It
is straightforward to check that q(t) ∈ Q and −df(q(t))q˙(t) = q˙(t) for t = 0, T/2.
Define the involution F on TN \ N as F(q, v) = (f(q),−df(q)v). The fixed point
set Fix(F) consists of those (q, v) ∈ TN \N such that q ∈ Q and v ∈ TqN satisfy
−df(q)v = v. It follows that if q : [0, T ] → N is a symmetric closed F -geodesic of
speed c > 0, then its tangent lift γ = (q, q˙) : [0, T ]→ F−1(c) is a closed curve such
that γ(t) ∈ Fix(F) for t = 0, T/2.
There exists a globally defined one-form τ on TN \N , which is locally given by
τ =
n∑
j=1
∂G
∂vj
dqj .
It defines a contact form on F−1(c) for all c > 0. An interesting feature of this form
is that dτ is a symplectic form on TN \ N , see [15, Proposition 2.1]. Abbreviate
Σ = F−1(1) ⊂ TN . By abuse of notation we denote the restriction of τ to Σ
again by the same letter. It was shown in [15, Proposition 2.4] that unit speed
F -geodesics on N are precisely the projections of Reeb orbits on (Σ, τ). Hence, we
have the one-to-one correspondence{
unit speed symmetric closed
geodesics on (N,F, f)
}
←→
{
symmetric periodic orbits
on (Σ, τ,F)
}
.
Choose local coordinates on T ∗N , (q, p) = (q1, . . . , qn, p1, . . . , pn). The fiberwise
convexity of G gives rise to the Legendre transformation
L : TN \N −→ T ∗N \N, (q, p) 7→ (q, p = ∂G/∂v).
It is straightforward to check that
L
∗λcan = τ,
where λcan is the Liouville 1-form on T
∗N . Abbreviate Σ∗ = L (Σ) ⊂ T ∗N and
λ = λcan|Σ∗ . As has been shown in [15, Section 3], the orbits of Rτ on Σ correspond
to the orbits of Rλ on Σ
∗.
Define the smooth involution fI : T
∗N \ N → T ∗N \ N as fI = L ◦ F ◦L−1
satisfying f∗I λcan = −λcan. Note that
fI = d∗f ◦ I = I ◦ d∗f,
where d∗f : T
∗N → R is the cotangent lift of the involution f and I(q, p) = (q,−p).
It descends to an anti-contact involution on (Σ∗, λ), denoted again by fI . As before,
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there is the following one-to-one correspondence{
unit speed symmetric closed
geodesics on (N,F, f)
}
←→
{
symmetric periodic orbits
on (Σ∗, λ, fI)
}
.
Consider C2 with coordinates (z1, z2), where zj = qj + ipj for j = 1, 2. In [23,
Section 4] Harris and Paternain construct a double covering map Φ : S3 → Σ∗
which satisfies
Φ∗λ = hλ0|S3 ,
where the smooth map h = h(F ) : S3 → (0,∞) is invariant under the antipodal
map, i.e. h(z1, z2) = h(−z1,−z2). This in particular implies that the double cover
of the geodesic flow of (S2, F ) is conjugate to the Reeb flow on S3 of the tight
contact form hλ0. By pulling back the involution fI under Φ, we obtain the two
anti-contact involutions ρ1, ρ2 on (S
3, hλ0) such that ρ1◦ρ2 = ρ2 ◦ρ1 = ι, where ι is
the antipodal map on S3. Thus, we obtain the following one-to-one correspondence{
unit speed symmetric closed
geodesics on (N,F, f)
}
←→
{
doubly-symmetric periodic orbits
on (S3, hλ0, ρ1, ρ2)
}
.
The reversibility of a Finsler metric F is defined as
λ := max {F (q,−v) : (q, v) ∈ TN, F (q, v) = 1} ≥ 1.
If λ = 1, then we call F reversible, and if λ > 1, it is non-reversible. The results
of Harris and Paternain [23, Theorem B] and Rademacher [47, Theorem 4], [48,
Proposition 1] imply the following.
Theorem 2.2. If a Finsler metric F on S2 with reversibility λ is δ-pinched for
some δ > (λ/(λ+ 1))2, i.e. the flag curvature K satisfy(
λ
λ+ 1
)2
< δ ≤ K ≤ 1,
then the contact form hλ0 on S
3 is dynamically convex.
Remark 2.3. In [41] Hryniewicz and Saloma˜o show that the pinching condition in
the preceding theorem is sharp in the sense that if 0 < δ < (λ/(λ + 1))2, there
exists a δ-pinched Finsler metric on S2 with reversibility λ such that the contact
form hλ0 is not dynamically convex.
Consider a real tight three-sphere (S3, λ, ρ), where ρ has the form (1.1) with
either ϑ1 = 0 or ϑ2 = 0. Choose ρˆ(z1, z2) = (e
i(π−ϑ1)z1, e
i(π−ϑ2)z2), so that
ρ◦ ρˆ = ι = ρˆ◦ρ. Via Φ, ρ and ρˆ descend to an anti-contact involution fI on (Σ∗, λ).
By means of the Legendre transformation and the projection Σ∗ → S2, fI defines
an involution f on S2. By the preceding discussion and Theorem 1.12 with p = 2,
we obtain the following.
Theorem 2.4. Let f be the smooth function on S2 described above with either
ϑ1 = 0 or ϑ2 = 0. Assume that S
2 admits a real Finsler metric F with respect to
f . If F has reversibility λ and is δ-pinched for some δ > (λ/(λ + 1))2, then there
exist two or infinitely many symmetric closed F -geodesics.
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2.3. He´non−Heiles system. The He´non-Heiles system describes chaotic motions
of a star in a galaxy with an axis of symmetry [25]. The Hamiltonian is given by
H(q1, q2, p1, p2) =
1
2
|p|2 + 1
2
|q|2 + q21q2 −
1
3
q32 , (q1, q2, p1, p2) ∈ R4.
It is invariant under the exact anti-symplectic involution
ρ(q1, q2, p1, p2) = (−q1, q2, p1,−p2)
and the 3-periodic exact symplectic involution
σ(q, p) := (e2πi/3q, e2πi/3p), (q, p) = (q1 + iq2, p1 + ip2)
satisfying σ ◦ ρ ◦ σ = ρ.
There exist exactly two critical levels 0 and 1/6 of H , and for every c ∈ (0, 1/6),
the energy level set H−1(c) contains a unique bounded component Σc that is diffeo-
morphic to S3. It is proved by Schneider that Σc bounds a strictly convex domain
in R4 containing the origin, see [52, Theorem 2.2]. Due to Hofer, Wysocki, and
Zehnder [33, Theorem 3.7] this shows that the contact form λ = λ0|Σc is dynami-
cally convex, where λ0 is the Liouville 1-form on R
4. In [9] Churchill, Pecelli, and
Rod find eight periodic orbits on Σc, labeled by Π1, . . . ,Π8. They are related by
σ2(Πj) = σ(Πj+1) = Πj+2, j = 1, 4,
and Π7 and Π8 are (ρ, σ)-symmetric periodic orbits. Therefore, they descend to
four periodic orbits Π̂1, Π̂4, Π̂7 and Π̂8 on (Σc/Z3, λ̂, ρ̂), where the last two are
symmetric periodic orbits that are 3-unknotted and have sl = −1/3.
Note that σ|Σc 6= g3,1. Therefore, the induced contact structure ξ̂ on L(p, 1) ∼=
Σc/Z3 is different from ξ0. Consider the diffeomorphism ψ : S
3 → Σc defined as
ψ(z) = (1/
√
H(z))z and the contactomorphism Φ on (S3, λ0) given by
Φ(q1, q2, p1, p2) =
1√
2
(q1 − p2,−q1 − p2, q2 + p1, q2 − p1).
It is easy to check that (Φ ◦ ψ−1)∗ρ|Σc = ρ0|S3 , where
ρ0(q1, q2, p1, p2) = (−q1,−q2, p1, p2),
and (Φ ◦ ψ−1)∗σ|Σc = g3,1. Note that ρ0 has the form (1.1) with ϑ1 = ϑ2 = π. In
this way we find that (Σc/Z3, λ̂, ρ̂) is contactomorphic to the dynamically convex
real universally tight lens space (L(3, 2), λ0, ρ0), where λ0 is the contact form in-
duced by λ via the maps ψ and Φ. The periodic orbits Π̂1, Π̂4, Π̂7, and Π̂8 induce
periodic orbits Π1,Π4,Π7 and Π8 on (L(3, 2), λ, ρ0), where the last two are sym-
metric periodic orbits which are 3-unknotted and have sl = −1/3. An application
of Theorem 1.10 and the result of Kang [44] implies the following refinement of the
result due to Schneider [52, Corollary 2.5].
Theorem 2.5. For every c ∈ (0, 1/6), the quotient manifold Σc/Z3 carries a ρ-
symmetric periodic orbits that bounds a ρ-invariant 3-rational disk-like global sur-
face of section. Moreover, Σc/Z3 carries infinitely many ρ-symmetric periodic or-
bits. They lift to infinitely many equivalence classes of periodic orbits on Σc, where
the equivalence relation is defined as in the introduction.
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2.4. Hill’s lunar problem. In [26] Hill studies the motion of the Moon. The
Hamiltonian of his lunar problem, obtained from the planar circular restricted three-
body problem by blowing up the coordinates near the earth, is given by
H : T ∗(R2 \ {0})→ R, (q, p) = 1
2
|p|2 − 1|q| + q1p2 − q2p1 − q
2
1 +
1
2
q22 .
Note that H admits the two commuting exact anti-symplectic involutions
ρ1(q1, q2, p1, p2) = (q1,−q2,−p1, p2), ρ2(q1, q2, p1, p2) = (−q1, q2, p1,−p2). (2.1)
There exists a unique critical value c1 = −34/3/2, and for every c < c1, the energy
level setH−1(c) contains a unique bounded component Σc which is star-shaped with
respect to the origin. In [6] Birkhoff shows the existence of a retrograde periodic
orbit on Σc which is doubly symmetric, i.e. its trace is invariant under both ρ1
and ρ2. Numerical experiments show that a direct periodic orbit also exists and is
doubly-symmetric. See for instance [4, 24].
As before, Σc is non-compact, and by regularizing we find that (Σc, λ = λ0|Σc)
is contactomorphic to a universally tight lens space L(2, 1). It is easy to see that
there exists a very negative energy c∗ < c1 such that for every c < c∗, the image of
the Levi-Civita embedding of Σc bounds a strictly convex domain in C
2. Therefore,
(Σc, λ = λ0|Σc) is dynamically convex for c < c∗. Because a retrograde periodic
orbit is 2-unknotted and has sl = −1/2, Theorem 1.10 tells us that it bounds a
ρ1-invariant 2-rational disk-like global surface of section D. Note that ι(D) is also
a ρ1-invariant 2-rational disk-like global surface of section, where ι = −Id = ρ1 ◦ρ2.
Together with [44, Theorem 1.3] this proves the following statement.
Theorem 2.6. Given c < c∗, a simply covered retrograde periodic orbit on Σc
bounds a ρ1-invariant rational disk-like global surface of section. As a consequence,
there exist either two or infinitely many doubly-symmetric periodic orbits on Σc.
Note that doubly-symmetric periodic orbits are symmetric periodic orbits of type I,
see Subsection 2.1. Since Hill’s lunar problem is a limit case of the planar circular
restricted three-body problem that studies the motion near the earth, the statement
of the above theorem is compatible with Theorem 2.1. For this reason, we expect
that the statement holds for all c < c1.
2.5. Buckled nanobeams. Consider the Hamiltonian
H : R4 → R, (q, p) 7→ 1
2
|p|2 + αq21 + 4βq22 +
1
2
(q21 + 4q
2
2)
2, α < 0, β 6= 0
that is a two-mode Galerkin truncation of the infinite dimensional dynamics de-
scribed by the Euler-Bernoulli beam equation. It studies the transverse displace-
ments of a nanobeam subjected compressive stress applied at both ends, see [8, 10].
Note that H admits two exact anti-symplectic involutions ρ1, ρ2 defined as in (2.1).
Suppose that β > 0 so that H has a unique critical value 0. For c < −α2/2,
the set H−1(c) is empty, and for every c ∈ (−α2/2, 0), it consists of two bounded
components Σ±c
∼= S3 such that ±q > 0 for all q ∈ Σ±c and they are permuted by ρ2
and ρ1-invariant. Using [51, Theorem 1], one can show that for every c ∈ (−a2/2, 0),
the bounded components Σ±c bound strictly convex domains in R
4. See for instance
[14, Proposition 3.2]. Therefore, (Σ±c , λ0|Σ±c ) are dynamically convex. By Theorem
1.6 we obtain
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Theorem 2.7. Let β > 0. Then for every c ∈ (−a2/2, 0), each of the bounded
components Σ±c carries two or infinitely many ρ1-symmetric periodic orbits.
2.6. Charged particles in planetary magnetospheres. The Hamiltonian
H : R4 → R, (q, p) 7→ 1
2
|p|2 − εq1 + a
2
3
q31 +
c2
2
q22 , ε, a, c > 0
studies the simplified motions of a dust particle in a planetary magnetosphere,
influenced by gravitational and eletromagnetic forces. See for instance [22]. For c <
−2
√
ε3/(3a), the set H−1(c) is empty, and for every c ∈ (−2
√
ε3/(3a), 2
√
ε3/(3a)),
it contains a bounded component Σc ∼= S3 that is ρ1-invariant, where ρ1 is defined
as in (2.1). As in the previous subsection, using [51, Theorem 1], it can be shown
that for every c ∈ (−2√ε3/(3a), 2√ε3/(3a)) the bounded component Σc bounds a
strictly convex domain in R4, see [14, Proposition 3.5]. It follows that
Theorem 2.8. For every c ∈ (−2√ε3/(3a), 2√ε3/(3a)), the bounded component
Σc carries two or infinitely many ρ1-symmetric periodic orbits.
3. Preliminaries
In this section (M,λ) or (M,λ, ρ) always denotes a closed contact three-manifold
or a closed real contact three-manifold with non-empty Fix(ρ), respectively.
3.1. The Conley-Zehnder indices of periodic orbits. Let P = (x, T ) be a
non-degenerate periodic orbit on (M,λ) and let T : x∗T ξ → S1 × C be a unitary
trivialization, where xT (t) := x(T t). We obtain a smooth path of 2× 2 symplectic
matrices
ΦTP (t) := T(xT (t)) ◦ dφTtR (xT (0))|ξxT (0) ◦ T(xT (0))−1, t ∈ R (3.1)
satisfying that ΦTP (0) = Id and Φ
T
P (t + 1) = Φ
T
P (t)Φ
T
P (1). The non-degeneracy of
P is equivalent to that det(ΦTP (1)− Id) 6= 0. We define the Conley-Zehnder index
of P with respect to T as
µTCZ(P ) := µCZ(Φ
T
P |[0,1]).
For the original definition of the latter, we refer the reader to [11, 12].
We now give an alternative analytic definition of the Conley-Zehnder index due
to Hofer, Wysocki, and Zehnder [29, Section 3] and extend the definition to any
periodic orbits. Let Φ(t), t ∈ R be a smooth path of 2× 2 symplectic matrices such
that Φ(0) = Id and Φ(t + 1) = Φ(t)Φ(1). The associated smooth loop of 2 × 2
symmetric matrices S = SΦ is defined as
S(t) := −J0∂tΦ(t)Φ(t)−1, t ∈ S1
where
J0 =
(
0 −1
1 0
)
is the standard complex structure. It provides us with the unbounded operator
AS : W
1,2(S1,C)→ L2(S1,C), v 7→ −J0∂tv − Sv
having the following properties:
• It is self-adjoint.
• The map kerAS → ker(Φ(1)− Id), v 7→ v(0) is a vector space isomorphism.
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• The spectrum σ(AS) = {η ∈ C | AS − ηId is non-invertible} consists of
eigenvalues of AS , is a discrete subset of R, and accumulates only at ±∞.
Let v 6≡ 0 be an eigenfunction of AS to the eigenvalue η. As it is a solution of ODE
−J0∂tv−Sv = ηv, it is non-vanishing, and then we can define the winding number
of v as
w(v, η, S) =
1
2π
(arg(v(1))− arg(v(0))) ∈ Z.
The following crucial properties are proved in [29, Lemmas 3.4, 3.6, and 3.7].
Lemma 3.1 (Properties of the winding number).
(1) If v1 and v2 are eigenfunctions to the same eigenvalue η, then w(v1, η, S) =
w(v2, η, S). As a consequence, we can associate each eigenvalue η of AS
the winding number w(η, S) := w(v, η, S), where v is any eigenfunction of
AS to the eigenvalue η.
(2) For every k ∈ Z, there exist exactly two eigenvalues η1, η2 of AS, counted
with multiplicity, such that k = w(η1, S) = w(η2, S).
(3) The map w : σ(AS) → Z, η 7→ w(η, S), is monotone, i.e. η1 ≤ η2 implies
that w(η1, S) ≤ w(η2, S).
We define α(S) := max{w(η, S) | η ∈ σ(AS) ∩ (−∞, 0)} and
p(S) :=
{
0 if there exists η ∈ σ(AS) ∩ [0,∞) such that α(S) = w(η, S),
1 otherwise.
Theorem 3.2 ([29, Theorem 3.10]). If ker(Φ(1)− Id) = {0}, then
µCZ(Φ|[0,1]) = 2α(S) + p(S). (3.2)
Following [33], for any smooth path of 2 × 2 symplectic matrices, we define its
Conley-Zehnder index by the formula (3.2). The following statement is well-known.
See for instance [36, Appendix 8.1].
Proposition 3.3. For every k ∈ N, we have
µCZ(Φ|[0,1]) ≥ 3 ⇒ µCZ(Φ|[0,k]) ≥ 2k + 1,
µCZ(Φ|[0,1]) ≥ 1 ⇒ µCZ(Φ|[0,k]) ≥ 1,
µCZ(Φ|[0,1]) < 1 ⇒ µCZ(Φ|[0,k]) < 1.
If P is contractible, then we choose a unitary trivialization T by the one that
extends over a spanning disk. As a disk is contractible, the Conley-Zehnder index
depends only on the choice of a spanning disk. If c1(ξ) vanishes on π2(M), then
it is also independent of the choice of a spanning disk and hence provides us with
the well-defined Conley-Zehnder index of a contractible periodic orbit. If M = S3,
then the tight contact structure is trivial, and, therefore, every periodic orbit on a
tight three-sphere is assigned the well-defined Conley-Zehnder index. In the case of
lens spaces, the Conley-Zehnder index is well-defined for every contractible periodic
orbit because π2 vanishes. In either case, we simply write µCZ(P ).
3.2. Two indices of symmetric periodic orbits. Let P = (x, T ) be a non-
degenerate symmetric periodic orbit on (M,λ, ρ). Its Conley-Zehnder index with
respect to a unitary trivialization is defined as in the preceding subsection. Recall
that P can be interpreted as a Legendrian intersection point, i.e. c(t) := x(t)|[0,T/
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is a chord with boundary condition c(0), c(T/2) ∈ Fix(ρ). This implies that one
can assign a symmetric periodic orbit a different index explained as below.
Let T be a symmetric unitary trivialization of x∗T ξ, namely, a unitary trivializa-
tion having the additional property that
T(xT (t)) ◦Dρ(xT (t))|ξxT (t) = I ◦ T(xT (−t)), z ∈ D.
The existence of a symmetric unitary trivialization is proved in [18, Lemma 3.10].
We define the associated smooth path ΦTP of 2× 2 symplectic matrices by the same
formula (3.1). We identify R ≡ R × {0} ⊂ C. The chord C = (c, T/2) is said to
be non-degenerate if ΦTP (1/2)R ∩ R = {0}. If P is non-degenerate (as a periodic
orbit), then C is non-degenerate (as a chord), see [18, Proposition 3.7]. It is easy to
check that ΦTP (−t) = IΦTP (t)I for all t ∈ R. We define the Robbin-Salamon index
of a non-degenerate symmetric periodic orbit P with respect to T as
µTRS(P ) := µRS(Φ
T
P |[0,1/2]R,R).
For the definition of the Robbin-Salamon index, we refer to [49].
As before, we give an alternative analytic definition of the Robbin-Salamon index
due to Frauenfelder and Kang [18, Section 3]. Let Φ(t), t ∈ R be a smooth path of
2× 2 symplectic matrices such that Φ(0) = Id, Φ(t + 1) = Φ(t)Φ(1), and Φ(−t) =
IΦ(t)I. Denote by S = SΦ the associated smooth loop of 2×2 symmetric matrices.
It is straightforward to check that S(−t) = IS(t)I. We in particular find that
S(0), S(1/2) are diagonal matrices.
Set D := S|[0,1/2]. Consider the following Hilbert space of paths satisfying a
Lagrangian boundary condition
W 1,2
R
([
0,
1
2
]
,C
)
=
{
v ∈ W 1,2
([
0,
1
2
]
,C
) ∣∣∣∣ v(0), v(12
)
∈ R
}
and the unbounded operator AD : W
1,2
R
([0, 1/2],C) → L2([0, 1/2],C) defined by
AD(v) = −J0∂tv −Dv. It has the following properties:
• It is self-adjoint.
• The map kerAD → Φ(1/2)R∩R, v 7→ v(0) is a vector space isomorphism.
• The spectrum σ(AD) consists of eigenvalues of AD, is a discrete subset of
R, and accumulates only at ±∞.
Let v 6≡ 0 be an eigenfunction of AD to the eigenvalue η. As before, we assign it
the well-defined relative winding number
w(v, η,D) =
1
2π
(arg(v(1/2))− arg(v(0))) ∈ 1
2
Z.
The following properties are proved in [18, Lemmas 3.4 and 3.5].
Lemma 3.4 (Properties of the relative winding number).
(1) The relative winding number depends only on the eigenvalue. As a result, we
associate every eigenvalue η of AD the relative winding number w(η,D) :=
w(v, η,D), where v is any eigenfunction of AD to the eigenvalue η.
(2) For every k ∈ Z, there exists a unique eigenvalue η of AD such that
w(η,D) =
k
2
.
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Define α(D) := max{w(η,D) | η ∈ σ(AD) ∩ (−∞, 0)}. If Φ(1/2)R ∩ R = {0}, then
µRS(Φ|[0,1/2]) = 2α(D) + 1
2
∈ Z+ 1
2
.
We have a symmetric counterpart of Proposition 3.3.
Proposition 3.5 ([18, Proposition 3.9]). For every k ∈ N we have
µRS(Φ|[0,1/2]) ≥ 3
2
=⇒ µRS(Φ|[0,k/2]) ≥ 2k + 1
2
,
µRS(Φ|[0,1/2]) ≥ 1
2
=⇒ µRS(Φ|[0,k/2]) ≥ 1
2
,
µRS(Φ|[0,1/2]) ≤ −1
2
=⇒ µRS(Φ|[0,k/2]) ≤ −1
2
.
The following lemma reveals a relationship between the two indices of a sym-
metric periodic orbit.
Lemma 3.6 ([18, Proposition 3.8]). If P = (x, T ) be a non-degenerate symmetric
periodic orbit equipped with a symmetric unitary trivialization T, then
|µTCZ(P )− 2µTRS(P )| ≤ 1.
In particular, if µTCZ(P ) ≥ 3, then µTRS(P ) ≥ 3/2.
Let T1,T2 : x
∗
T ξ → S1×C be symmetric unitary trivializations of x∗T ξ, where P =
(x, T ) be a symmetric periodic orbit. We define the winding number wind(T1,T2)
of T2 with respect to T1 as follows. For any α ∈ C \ {0}, we write α(t) = (t, α),
t ∈ S1. The winding number wind(T1,T2) is then defined as the degree of the loop
T1 ◦ T−12 ◦ α : S1 → C \ {0}. This does not depend on the choice of α.
Lemma 3.7. Let P , T1, and T2 be as above. We then have
µT1RS(P ) = µ
T2
RS(P ) + wind(T1,T2).
Proof. In view of [18, Corollary 3.14] we have
µT1RS(P ) = µ
T2
RS(P ) +
1
2
µRS(ΛR,R),
where (ΛR)(t) = Λ(t)R := T1(t) ◦T−12 (t)R, t ∈ S1, is a loop of Lagrangians, where
Tj(t) := Tj(xT (t), ·) and R ≡ R × {0} ⊂ C. By the Maslov index property of the
Robbin-Salamon index, µRS(ΛR,R) equals the Maslov index of the loop ΛR. By
definition of the Maslov index, we then conclude that
µRS(ΛR,R) = 2wind(T1,T2)
from which the lemma is proved. 
If P = (x, T ) is a non-degenerate symmetric periodic orbit on (M,λ, ρ) that
is symmetrically contractible, meaning that it admits a spanning disk invariant
under ρ, then we choose a symmetric unitary trivialization that extends over the
symmetric spanning disk. In this case, the Robbin-Salamon index of P depends
only on the spanning disk. If c1(ξ)|π2(M) = {0}, then it is well-defined, i.e. it is
independent of the choice of the spanning disk, see [18, Corollary 3.14]. If M = S3,
then π1(S
3,Fix(ρ)) = {0}, and hence every symmetric periodic orbit is symmet-
rically contractible. Therefore, they have the well-defined Robbin-Salamon index.
On lens spaces, every symmetrically contractible periodic orbit has the well-defined
Robbin-Salamon index since π2 vanishes. In either case, we simply write µRS(P ).
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3.3. Self-linking number. Let γ : S1 →M be an unknot transverse to ξ = kerλ
and u : D → M be an embedding such that u(e2πit) = γ(t), t ∈ S1. Choose any
non-vanishing section X of the pullback bundle u∗ξ → D. The orientation of γ and
u are given by the standard orientations, and M is oriented in such a way that
λ∧ dλ > 0. We fix a Riemannian metric g on M and denote by exp the associated
exponential map. As γ is a transverse knot, if X is sufficiently small, then
γ(S1) ∩ γX(S1) = ∅,
where γX : S
1 → M is defined as γX(t) := expγ(t)X(t). By definition, the self-
linking number of γ with respect to u, denoted by sl(γ, u), is given by the algebraic
intersection number of γX with u. It follows from the homotopy invariance of the
algebraic intersection number that it is independent of the choices of X and g. If
c1(ξ)|π2(M) = 0, then it is also independent of the choice of u. In this case, we
simply write it as sl(γ).
We now assume that a transverse knot γ : S1 → M is p-unknotted for some
p ≥ 2. Let u be a p-disk for γ and define γX as above. Then the rational self-
linking number of γ with respect to u is defined as
sl(γ, u) :=
1
p2
• algebraic intersection number of γX with u.
The orientations are given as above, and the definition is also independent of all the
involved choices, provided that c1(ξ)|π2(M) = 0. In this case, we write it as sl(γ).
3.4. Open book decompositions. LetM be a closed oriented three-dimensional
manifold. An open book decomposition ofM is a pair (B, π), where B is an oriented
link, called the binding, and π : M \ B → S1 is a fibration. For every ϑ ∈ S1, the
fiber Σϑ := π
−1(ϑ), called a page, is the interior of a compact embedded surface in
M with ∂Σϑ = B. The existence of an open book decomposition of every closed
oriented three-manifold has been proved by Alexander [3]. In particular, every
closed contact three-manifold admits an open book decomposition.
If every Σϑ is a disk, then we say that (B, π) is an open book decomposition
with disk-like pages. In this case, M can be represented by the union of two solid
tori glued along their boundaries. Consequently, M is necessarily diffeomorphic to
either S3, S1×S2, or a lens space. We say that an open book decomposition (B, π)
with disk-like pages of a closed contact three-manifold (M,λ) is adapted to λ if B is
a periodic orbit, and every page is a disk-like global surface of section for R = Rλ.
A λ-adapted p-rational open book decomposition with disk-like pages is a pair
(P, π), where P is a p-unknotted periodic orbit and a fibration π satisfies that for
every ϑ ∈ S1, the closure of the fiber π−1(ϑ) is the image of a p-disk for P .
3.5. Pseudoholomorphic curves in symplectizations. In this subsection we
recall the definitions and basic properties of pseudoholomorphic curves in symplec-
tizations of closed contact three-manifolds introduced by Hofer [27] and developed
by Hofer, Wysocki, and Zehnder [28, 29, 30, 33, 34, 35, 36]. We also follow a recent
book [19]. For real pseudoholomorphic curves, we refer to [18].
3.5.1. Finite energy spheres. Let (M, ξ = kerλ) be a closed contact three-manifold.
It is well-known that the space J = J (ξ, dλ) of dλ-compatible almost complex
structures on ξ is non-empty and contractible in the C∞-topology. Denote by
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π : TM → ξ the projection along R. Associated to every J ∈ J is the SFT-like
almost complex structure J˜ on R×M defined by
J˜(r, p)(h, k) = (−λ(p)k, J(p)(πk) + hR(p)), (r, p) ∈ R×M.
Here, the non-compact four-manifold R×M is equipped with the symplectic form
d(erλ). We call the pair (R × M,d(erλ)) the symplectization of (M,λ). It is
straightforward to check that J˜ is d(erλ)-admissible.
Let (S2 = C ∪ {∞}, i) be a closed Riemann sphere and Γ ⊂ S2 be a finite set
of points. Fix J ∈ J . A smooth map u˜ = (a, u) : S2 \ Γ → R ×M is called a
finite energy (J˜-holomorphic) sphere if it satisfies the nonlinear Cauchy-Riemann
equations
du˜ ◦ i = J˜ ◦ du˜
and has non-zero finite energy E(u˜) ∈ (0,∞), where E(u˜) is defined by
E(u˜) := sup
φ∈Ξ
∫
S2\Γ
u˜∗d(φλ).
Here Ξ is the set of all smooth functions φ ∈ C∞(R, [0, 1]) with φ′ ≥ 0. The
elements in Γ are called punctures. If Γ = {∞} so that S2 \Γ = C, then u˜ is called
a finite energy plane. Since the SFT-like almost complex structure J˜ is R-invariant,
for every r ∈ R and for every finite energy J˜-holomorphic sphere u˜ = (a, u), the
map u˜r := (a+ r, u) is a finite energy J˜-holomorphic sphere as well.
Fix z ∈ Γ and choose a small neighborhood of Uz of z in S2 \Γ. If a is bounded
on Uz, then z is called a removable puncture. If a is unbounded on Uz, then it is
bounded either from below or from above. In the first case, we call z a positive
puncture. It is called a negative puncture in the latter case. In the sequel we always
assume that Γ consists only of non-removable punctures and write
Γ = Γ+ ⊔ Γ−,
where Γ± are the set of positive and negative punctures, respectively. The maxi-
mum principle says that Γ+ 6= ∅, see [29, Lemma 5.2]. If u˜ is a finite energy plane,
then Γ = Γ+ = {+∞}.
We now consider a special class of finite energy spheres that respect a given
symmetry. Let (M,λ, ρ) be a closed real contact three-manifold. The anti-contact
involution ρ on (M,λ) defines the exact anti-symplectic involution ρ˜ := IdR × ρ
on (R ×M,d(erλ)), meaning that ρ˜∗(erλ) = −erλ. An almost complex structure
J ∈ J is ρ-anti-invariant if
Dρ|ξ ◦ J ◦ (Dρ|ξ)−1 = J.
Abbreviate by Jρ ⊂ J the set of such almost complex structures. For J ∈ Jρ, the
associated SFT-like almost complex structure J˜ is ρ˜-anti-invariant. Assume that
u˜ = (a, u) is a finite energy sphere with respect to J ∈ Jρ. It is easy to check that
ρ˜◦ u˜◦ I is also such a finite energy sphere, where I(z) = z. The following definition
is due to Frauenfelder and Kang [18].
Definition 3.8. A finite energy sphere u˜ = (a, u) with respect to J ∈ Jρ is said to
be invariant if
ρ˜ ◦ u˜ ◦ I = u˜.
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Let u˜ = (a, u) be an invariant finite energy sphere. In this case we have I(Γ) = Γ
and write it as the disjoint union Γ = Γ∂ ⊔ Γint, where I(z) = z for all z ∈ Γ∂ and
I(z) 6= z for all z ∈ Γint. Obviously, +∞ ∈ Γ∂ . If we identify C = S2 \ {+∞}, then
z ∈ Γ∂ if and only if Im(z) = 0. Via I, we divide S2 into two (closed) hemispheres
and denote by H the one containing +∞. Note that Γ∂ ⊂ H . Set ΓI = Γ∂ ⊔ (Γint∩
H). Associated to u˜ is a holomorphic map u˜I = (aI , uI) : (H \ ΓI , i)→ (R×M, J˜)
with the boundary condition u˜I(Fix(ρ) \ Γ∂) ⊂ Fix(ρ˜). If it has non-zero finite
energy, then we call it a finite energy half-sphere (associated to u˜). If Γ = {+∞},
then it is called a finite energy half-plane.
3.5.2. Asymptotic behavior. Choose a holomorphic chart ψz : (V, 0)→ (Uz, z), where
Uz is a small neighborhood of z ∈ Γ. If z ∈ Γ+ or z ∈ Γ−, then we set u˜(s, t) =
u˜ ◦ ψz(e−2π(s+it)) for (s, t) ∈ [R,+∞) × S1 or u˜(s, t) = u˜ ◦ ψz(e2π(s+it)) for
(s, t) ∈ (−∞,−R]× S1, respectively, for some R > 0 large enough. The following
theorem is due to Hofer [27, Theorem 31] and Hofer, Wysocki, and Zehnder [30,
Theorem 1.3].
Theorem 3.9. Assume that u˜ = (a, u) : S2 \Γ→ R×M be a finite energy sphere.
We fix z ∈ Γ± and consider a holomorphic chart ψz near z as above. Then for every
sequence sn → ±∞, there exists a subsequence, still denoted by sn, and a periodic
orbit P = (x, T ) such that u(sn, t) converges in C
∞(S1,M) to xT (t) = x(T t) as
n→ +∞. Moreover, if P is non-degenerate, then we have
lim
s→±∞
u(s, t) = xT (t) in C
∞(S1,M).
Remark 3.10. Let u˜ = (u, a) be a finite energy plane. Abbreviate by Ω = Ω(u˜)
the ω-limit set of u˜ consisting of periodic orbits P = (x, T ) for which there exists
sn → +∞ such that u(sn, t) converges in C∞(S1,M) to xT (t). It is non-empty,
compact, and connected, see [19, Lemma 13.3.1]. The last statement of the preced-
ing theorem tells us that if an asymptotic limit P of u˜ is non-degenerate, then Ω
consists of a single element P , up to reparametrization. In [55], Siefring provides
explicit examples of finite energy planes with the image of the ω-limit set being
diffeomorphic to the two-torus.
Let P = (x, T ) be a non-degenerate periodic orbit. Denote by Γ1,2(x∗T ξ) and
Γ0,2(x∗T ξ) the Hilbert spaces of W
1,2-sections and L2-sections of x∗T ξ, respectively.
Given J ∈ J , the L2-inner product here is defined as
〈ζ1, ζ2〉 =
∫ 1
0
dλ(xT (t))(ζ1(t), J(xT (t))ζ2(t))dt,
where ζ1, ζ2 are sections of x
∗
T ξ. For any symmetric connection ∇ on TM , we define
the operator AP : Γ
1,2(x∗T ξ) → Γ0,2(x∗T ξ) as AP (ζ) := J(−∇tζ + T∇ζR). This
operator does not depend on the choice of ∇. Any unitary trivialization T : x∗T ξ →
S1 × C provides us with Hilbert space isomorphisms Γ1,2(x∗T ξ) ∼=W 1,2(S1,C) and
Γ0,2(x∗T ξ)
∼= L2(S1,C). Under these isomorphisms the operator AP becomes the
self-adjoint operator AS defined in Subsection 3.1, where S = S
T
P is a smooth loop
of symmetric matrices associated to P and T.
In [30], Hofer, Wysocki, and Zehnder prove the following asymptotic behavior of
a non-degenerate finite energy sphere.
Theorem 3.11. Let u˜ = (a, u) : S2 \Γ→ R×M be a finite energy sphere. Suppose
that an asymptotic limit Pz = (xz , Tz) at z ∈ Γ is non-degenerate. Let ψz : (V, 0)→
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(Uz, z) be a holomorphic chart as above. If z is a positive puncture (or a negative
puncture), then there exists a negative (or positive) eigenvalue ηz of the operator
APz defined as above and an eigenfunction ζz of APz to the eigenvalue ηz such that
u˜(s, t) = (Tzs, expxTz (t)[e
ηzs(ζz(t) + κz(s, t))]), s≫ 1 (or s≪ −1),
where κz decays exponentially with all derivatives to 0 uniformly in t as s → +∞
(or as s → −∞). Here exp is the exponential map of the restriction of the metric
d(erλ)(·, J˜ ·) to M ∼= {0} ×M ⊂ R×M .
The eigenvalue ηz and the eigenfunction ζz of APz in the above statement are called
the asymptotic eigenvalue and the asymptotic eigenfunction of u˜ at z, respectively.
Assume now that u˜ = (a, u) is an invariant finite energy sphere. For z ∈ Γint,
we have the same assertions as above. If z ∈ Γ∂ , then we require a holomorphic
chart ψz : (V, 0) → (Uz, z) to further satisfy I ◦ ψz = ψz ◦ I. In this case, u˜
tends asymptotically to a symmetric periodic orbit P = (x, T ) at z. Assume that
P is non-degenerate and consider the associated non-degenerate half-chord C =
(c, T/2). Set cT (t) := c(T t) = x(T t)|t∈[0,1/2] and denote by Γ1,2ρ (c∗T ξ) the set of
W 1,2-sections ζ of c∗T ξ with boundary condition ζ(t) ∈ Fix(Dρ(cT (t))|ξcT (t)) for
t = 0, 1/2. The Hilbert space Γ0,2(c∗T ξ) is defined as before. For J ∈ Jρ and
any ρ-invariant symmetric connection ∇ on TM , the operator AC : Γ1,2ρ (c∗T ξ) →
Γ0,2(c∗T ξ) is defined by the same formula as AP . As before, via a symmetric unitary
trivialization this operator is conjugated to the operator ATD defined in Subsection
3.2. We have the following symmetric counterpart of the preceding two theorems.
Theorem 3.12 ([18, Corollary 4.2]). Assume that u˜ = (a, u) : S2\Γ→ R×M be an
invariant finite energy sphere with all asymptotic limits being non-degenerate. For
z ∈ Γint, the same assertions as in Theorems 3.9 and 3.11 hold. Let Qz = (yz, Tz)
be the associated asymptotic limit and ηz be the asymptotic eigenvalue of AQz ,
respectively. Then the periodic orbit Qz = (ρ ◦ yz, Tz) is the asymptotic limit of u˜
at z ∈ Γint and the associated asymptotic eigenvalue ηz of AQz coincides with ηz.
Suppose that z ∈ Γ∂ is a positive (or negative) puncture and Pz = (xz , Tz)
be the associated asymptotic limit. Let Cz = (cz, Tz/2) be the half-chord of Pz.
Then there exists a negative (or positive) eigenvalue ηρz of the operator ACz and an
eigenfunction ζρz of ACz to the eigenvalue η
ρ
z such that
u˜I(s, t) = (Tzs, expcTz (t)[e
ηρzs(ζρz (t) + κ
ρ
z(s, t))]), s≫ 1 (or s≪ −1),
where κρz decays exponentially with all derivatives to 0 uniformly in t as s → +∞
(or s→ −∞). Here exp is the exponential map of the restriction of the ρ˜-invariant
metric d(erλ)(·, J˜ ·) to M ∼= {0} ×M ⊂ R×M .
3.5.3. Algebraic invariants. Let u˜ = (a, u) be a finite energy sphere such that every
asymptotic limit is non-degenerate and π ◦ du 6≡ 0. Since it is J˜-holomorphic, the
map z 7→ π ◦ du(z) is a section of the complex line bundle HomC(T (S2 \Γ), u∗ξ)→
S2 \ Γ. Due to Carleman’s similarity principle π ◦ du has finitely many zeros, and
they are in particular isolated. Moreover, as a section of the bundle u∗ξ → S2 \ Γ,
the zeros have a positive degree, see [29, Proposition 4.1]. Let us denote by windπ(u˜)
the sum of the degrees of the zeros of the section π ◦ du.
Lemma 3.13 ([29, Corollary 4.2]). It holds that windπ(u˜) ≥ 0, and windπ(u˜) = 0
if and only if π ◦ du is non-vanishing, i.e. u is an immersion transverse to R.
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Choose z ∈ Γ with the asymptotic limit Pz = (xz , Tz). Let ηz be the asymptotic
eigenvalue of u˜ at z given in Theorem 3.11. Since the operator APz is conjugated to
the self-adjoint operator ASTz
Pz
, the asymptotic eigenvalue ηz is also an eigenvalue
of ASTz
Pz
fo any unitary trivialization Tz of x
∗
Tz
ξ. However, the winding number of
ηz, defined in Subsection 3.1, depends on the choice of the trivialization. Indeed,
if ζz is the asymptotic eigenfunction, then ΦTzζz is an eigenvector of ASTzPz
to the
eigenvalue ηz, where ΦTz : Γ
1,2(x∗Tzξ) → W 1,2(S1,C) is the Hilbert space isomor-
phism defined via Tz. For two different trivializations T1,T2, the winding numbers
of the eigenvectors ΦT1ζz ,ΦT2ζz are not necessarily equal.
We now define the asymptotic winding number of u˜ at z with respect to a unitary
trivialization Tz of x
∗
Tz
ξ as
windTz∞ (u˜, z) := w(ηz , S
Tz
Pz
).
The asymptotic winding number of u˜ is then defined as
wind∞(u˜) :=
∑
z∈Γ+
windT∞(u˜, z)−
∑
z∈Γ−
windT∞(u˜, z).
Each term in the right-hand side is computed using a unitary trivialization T of
u∗ξ, and as the notation indicates, the left-hand side is independent of the choice
of T. The following statement reveals a relation between the above defined two
winding numbers of u˜.
Proposition 3.14 ([29, Proposition 5.6]). Let u˜ : S2 \ Γ → R × M be a non-
degenerate finite energy sphere. Then we have
wind∞(u˜) = windπ(u˜) + 2−#Γ.
In particular, if u˜ is a finite energy plane, then wind∞(u˜) ≥ 1, and wind∞(u˜) = 1
if and only if π ◦ du is non-vanishing, i.e. u is an immersion transverse to R.
Likewise, associated to the non-degenerate asymptotic limit Pz of z ∈ Γ with
respect to a unitary trivialization Tz of x
∗
Tz
ξ is the Conley-Zehnder index
µTzCZ(Pz) = 2α(S
Tz
P ) + p(S
Tz
P ),
where it is defined as in Subsection 3.1. The index of a non-degenerate finite energy
sphere u˜ is then defined to be
µ(u˜) :=
∑
z∈Γ+
µTCZ(Pz)−
∑
z∈Γ−
µTCZ(Pz)
Again, each index in the right-hand side is computed using a unitary trivialization
T of u∗ξ, and this definition does not depend on the choice of the trivialization, see
[29, Proposition 5.5].
Theorem 3.15 ([29, Theorem 5.8]). If u˜ = (a, u) is a non-degenerate finite energy
sphere with π ◦ du 6≡ 0, then
µ(u˜) ≥ 2windπ(u˜) + 4− 2#Γeven −#Γodd,
where Γeven and Γodd are the sets of punctures whose asymptotic limit has even and
odd Conley-Zehnder index, respectively.
If u˜ is a non-degenerate finite energy plane, then both its asymptotic winding
number and index are independent of the choice of the trivializations. By definition
of α = α(S) and Proposition 3.14 we have
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Theorem 3.16 ([29, Theorem 1.2]). If u˜ be a non-degenerate finite energy plane,
then
µCZ(u˜) := µ(u˜) ≥ 2.
The following definition is due to Hryniewicz [37].
Definition 3.17. A non-degenerate finite energy plane u˜ = (a, u) : C→ R×M is
said to be fast if and only if u is an immersion transverse to the Reeb vector field,
or equivalently, wind∞(u˜) = 1.
By definitions we obtain the following inequality for a non-degenerate finite energy
plane u˜:
1 ≤ wind∞(u˜) ≤
⌊
µCZ(u˜)
2
⌋
from which the following assertion is obtained.
Lemma 3.18. If a non-degenerate finite energy plane u˜ = (a, u) : C→ R×M has
µCZ(u˜) ∈ {2, 3}, then it is fast.
We now consider a finite energy half-sphere u˜I associated to a non-degenerate
invariant finite energy sphere u˜. The π-winding number windπ(u˜I) is defined to be
windπ(u˜I) :=
1
2
windπ(u˜).
For every z ∈ Γint ∩ H , the asymptotic winding number and the Conley-Zehnder
index with respect to a given trivialization are defined as above. Assume that
z ∈ Γ∂ . Let Pz = (xz , Tz) be the asymptotic limit of u˜ at z which is a symmetric
periodic orbit, and Cz = (cz , Tz/2) be its half-chord which is the asymptotic limit
of u˜I at z. In view of Theorem 3.12, we find the asymptotic eigenvalue η
ρ
z and the
asymptotic eigenfunction ζρz of u˜I at z. Let Tz be a symmetric unitary trivialization
of x∗Tzξ. As before, we define the asymptotic relative winding number of u˜I at z ∈ Γ∂
with respect to Tz as
windTz∞ (u˜I , z) := w(ηz , D
Tz
Cz
),
where the latter is the relative winding number of the eigenvalue ηz of the operator
DTzCz := S
Tz
Pz
|[0,1/2] defined as in Subsection 3.2. Likewise, the Robbin-Salamon
index of Pz with respect to Tz is defined as
µTzRS(Pz) = 2αI(D
Tz
Cz
) +
1
2
,
where αI is defined as in Subsection 3.2. Given any symmetric unitary trivialization
T of u∗ξ, the relative asymptotic winding number of u˜I is defined as
wind∞(u˜I) :=
∑
z∈Γ+
I
windT∞(u˜I , z)−
∑
z∈Γ−
I
windT∞(u˜I , z),
and the index of a non-degenerate finite energy half-sphere u˜I is defined to be
µ(u˜I) :=
∑
z∈Γ+int∩H
µTCZ(Pz) +
∑
z∈Γ+
∂
µTRS(Pz)−
∑
z∈Γ−int∩H
µTCZ(Pz)−
∑
z∈Γ−
∂
µTRS(Pz).
These are independent of the choice of the trivialization.
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Lemma 3.19 ([18, Proposition 4.6 and Corollary 4.7]). If u˜ = (a, u) is a non-
degenerate invariant finite energy sphere with π ◦ du 6≡ 0, then
wind∞(u˜) = 2wind∞(u˜I).
It follows that
wind∞(u˜I) = windπ(u˜I) + 1− #Γ∂
2
−#(Γint ∩H).
In particular, if u˜ is an invariant finite energy plane, then wind∞(u˜I) ≥ 1/2, and
wind∞(u˜I) = 1/2 if and only if π ◦ du is non-vanishing.
Proposition 3.20 ([18, Proposition 4.9]). If u˜ = (a, u) is a non-degenerate invari-
ant finite energy sphere with π ◦ du 6≡ 0, then
µ(u˜I) ≥ 2windπ(u˜I) + 2− 1
2
#Γ∂ −#Γevenint −#(Γoddint ∩H),
where Γevenint and Γ
odd
int are the sets of interior punctures whose asymptotic limit has
even and odd Conley-Zehnder index, respectively.
If u˜ is a non-degenerate invariant finite energy plane, then both the relative
asymptotic winding number and index of u˜I are well-defined, and we have
Theorem 3.21 ([18, Proposition 4.9]). If u˜ is a non-degenerate invariant finite
energy plane, then
µRS(u˜) := µ(u˜I) ≥ 3
2
.
By definition the following corollary is immediate.
Corollary 3.22. Assume that u˜ = (a, u) : C→ R×M is a non-degenerate invariant
finite energy plane such that µRS(u˜) = 3/2. Then it is fast.
4. Fredholm theory
Let (M,λ, ρ) be a closed real contact three-manifold. Given two ρ-invariant
positive smooth functions f, g on M with f < g, we choose a smooth function
h : R×M → (0,∞) satisfying
f(x) ≤ h(a, x) ≤ g(x) ∀(a, x) ∈ R×M,
h(a, x) =
{
f(x) if a ≤ −2,
g(x) if a ≥ 2,
∂h
∂a
≥ 0 on R×M,
∂h
∂a
≥ σ > 0 on [−1, 1]×M for some constant σ > 0, (4.1)
h(a, ρ(x)) = h(a, x) ∀(a, x) ∈ R×M.
Condition (4.1) tells us that the two-form Ω = d(hλ) is a symplectic form on
[−1, 1]×M . For every a ∈ R, we define a ρ-anti-invariant contact form λa := h(a, ·)λ
onM defining the contact structure kerλ = ξ = kerλa. The associated Reeb vector
field is denoted by Ra.
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Let a 7→ Ja be a smooth family of dλa-compatible and ρ|ξ-anti-invariant almost
complex structures on ξ satisfying that
Ja =
{
Jg if a ≥ 2,
Jf if a ≤ −2,
for some Jg ∈ Jρ(ξ, d(gλ)|ξ) and Jf ∈ Jρ(ξ, d(fλ)|ξ). This gives rise to the ρ˜-anti-
invariant almost complex structure J on R×M defined by
J(a, x)(h, k) = (−λa(x)(k), Ja(x)πa(k) + hRa(x)),
where ρ˜ := IdR × ρ and πa : TM → ξ is the projection along Ra. We consider an
ρ˜-anti-invariant almost complex structure Jˆ on R ×M which coincides with J on
(R \ [−1, 1]) ×M and which is Ω-compatible on [−1, 1] ×M . The space of such
almost complex structures Jˆ on R×M , denoted by Jρ˜(gλ, Jg, fλ, Jf), is non-empty
and contractible in the C∞-topology.
Let Γ ⊂ S2 be a finite set of points in S2 such that I(Γ) = Γ. Recall that
I(z) = z, z ∈ S2. Let j be an I-anti-invariant complex structure on S2 \ Γ. We
shall study smooth maps u˜ : S2 \ Γ→ R×M satisfying
Jˆ(u˜) ◦ du˜ = du˜ ◦ j and ρ˜ ◦ u˜ ◦ I = u˜ on S2 \ Γ (4.2)
with finite energy E(u˜) < ∞ defined as follows. Abbreviate by Ξ the set of non-
decreasing smooth functions ϕ : R → [0, 1] such that ϕ ≡ 12 on [−1, 1]. For ϕ ∈ Ξ,
we introduce a one-form λϕ on R×M defined as
λϕ(a, x)(h, k) = ϕ(a)λa(x)k.
The energy E(u˜) is then defined as
E(u˜) := sup
ϕ∈Ξ
∫
S2\Γ
u˜∗dλϕ.
Such maps are called generalized invariant finite energy spheres. If Γ = {+∞},
then they are referred to as generalized invariant finite energy planes.
4.1. The implicit function theorem. For every Jˆ not necessarily anti-invariant,
Hofer, Wysocki, and Zehnder prove the implicit function theorem for embedded
generalized finite energy planes, see [35, Theorem 1.6]. An important feature is
that no genericity assumption on almost complex structures is assumed, due to
automatic transversality.
Theorem 4.1. Fix Jˆ ∈ Jρ˜(gλ, Jg, fλ, Jf) and let u˜ = (a, u) : C → R × M be
an embedded generalized invariant finite energy Jˆ-holomorphic plane with a non-
degenerate and simply covered asymptotic limit P = (x, T ). Assume that µCZ(u˜) =
3. Then for all ε > 0 small enough, there exists an embedded generalized invariant
finite energy Jˆ-holomorphic plane w˜ = (c, w) asymptotic to P such that
inf{c(z) : z ∈ C} = inf{a(z) : z ∈ C} − ε.
Proof. An application of the implicit function theorem due to Hofer, Wysocki, and
Zehnder provides us with a smooth embedding Φ˜ = (A,Φ): B× C → R ×M such
that B ⊂ C is a small open ball centered at 0, and for each b ∈ B, the map Φ˜(b, ·) is
an embedded generalized finite energy Jˆ-holomorphic plane asymptotic to P . We
in particular have Φ˜(0, ·) = u˜. This embedding foliates an open neighborhood of
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u˜(C) in R×M and is unique up to reparametrization. We introduce the embedding
Φ˜ρ : B× C→ R×M defined by
Φ˜ρ(b, z) := ρ˜ ◦ Φ˜(b, z), (b, z) ∈ B× C.
Because Jˆ is ρ˜-anti-invariant, for each b ∈ B, the map Φ˜ρ(b, ·) is also an embedded
generalized finite energy Jˆ-holomorphic plane asymptotic to P . Moreover, since u˜
is invariant, we have Φ˜ρ(0, ·) = u˜ = Φ˜(0, ·).
Choose x0 ∈ im(u) ∩ Fix(ρ) and z0 ∈ C such that u(z0) = x0. Set a0 :=
a(z0). Since u˜ is invariant, a(z0) = a0. For ε > 0 small enough, there exists
b0 = b0(z0, ε) ∈ B such that Φ˜(b0,C) contains the point (a0−ε, x0) ∈ R×M because
Φ˜(B,C) is an open neighborhood of u˜(C) in R×M . In particular, a0−ε ∈ A(b0,C)
and x0 ∈ Φ(b0,C). We observe that (a0 − ε, x0) ∈ Φ˜ρ(b0,C). Indeed, it follows
from that Φ˜ρ(b0,C) = (A(b0,C), ρ ◦ Φ(b0,C)) and x0 ∈ Fix(ρ). Consequently,
Φ˜(b0,C) ∩ Φ˜ρ(b0,C) 6= ∅. The mutual disjointness now tells us that Φ˜(b0,C) =
Φ˜ρ(b0,C). By reparametrizing if necessary, we conclude that Φ˜(b0, ·) =: w˜ is an
embedded generalized invariant finite energy Jˆ-holomorphic plane asymptotic to P .
Recall from above that u˜(z0) = (a0, x0) and w˜(z1) = (a0 − ε, x0) for some z1 ∈ C.
For ε > 0 small enough we have ε∗w˜(C) ∈ Φ(B,C), where ε∗w˜ := (c + ε, w). It
follows again from the mutual disjointness that ε∗w˜(C) = u˜(C) and hence
inf{c(z) : z ∈ C} = inf{a(z) : z ∈ C} − ε < inf{a(z) : z ∈ C}.
Since ε > 0 was arbitrary, this finishes the proof of the theorem. 
4.2. Transversality. Let P+1 , . . . , P
+
k and Q
+
1 , . . . , Q
+
ℓ be symmetric and non-
symmetric periodic orbits of Rgλ, respectively. Similarly, let P
−
1 , . . . , P
−
m and
Q−1 , . . . , Q
−
n be symmetric and non-symmetric periodic orbits of Rfλ, respectively.
Assume that all they are non-degenerate.
Theorem 4.2. There exists a dense subset Jreg ⊂ Jρ˜(gλ, Jg, fλ, Jf ) so that if
Jˆ ∈ Jreg and u˜ = (a, u) : S2 \ Γ → R × M is a somewhere injective immersed
generalized invariant finite energy Jˆ-holomorphic sphere having k+ℓ positive punc-
tures asymptotic to the given periodic orbits of Rgλ and m+ n negative punctures
asymptotic to the given periodic orbits Rfλ, then we have
Fred(u˜) :=
k∑
j=1
µRS(P
+
j ) +
ℓ∑
i=1
µCZ(Q
+
i )−
m∑
j=1
µRS(P
−
j )−
n∑
i=1
µCZ(Q
−
i )
+
k +m
2
+ ℓ+ n− 1 ≥ 0.
The indices are computed using a symmetric unitary trivialization of u∗ξ.
The proof is based on standard arguments given in [35], so we omit it. We comment
that, as Schwarz points out, one is not able to compute the Fredholm index via
spectral flow. Instead, it can be computed using the linear gluing operation and
the Riemann-Roch theorem, see [53]. We also refer to [58] in which Zhou studies
moduli spaces of real holomorphic curves.
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5. Proof of Theorems 1.2, 1.9, and 1.10
This section is devoted to prove the theorems on necessary and sufficient condi-
tions for a symmetric periodic orbit to bound an invariant disk-like global surface
of section.
We begin with considering almost complex structures. Let (M,ω) be a symplec-
tic manifold equipped with an anti-symplectic involution ρ and a p-periodic sym-
plectomorphism σ satisfying condition (1.2). Recall that an ω-compatible almost
complex structure J ∈ J (M,ω) is said to be ρ-anti-invariant if Dρ−1◦J ◦Dρ = −J .
The space of such J ’s is denoted by Jρ(M,ω). It is non-empty and contractible in
the C∞-topology, see [17, Proposition 2.4.2]. Actually, it is a convex set.
An ω-compatible almost complex structure J ∈ J (M,ω) is called (ρ, σ)-anti-
invariant if
Dρ−1j ◦ J ◦Dρj = J, ∀j, (5.1)
where ρj := σ
j ◦ ρ. Note that J ∈ Jρ(M,ω) is (ρ, σ)-anti-invariant if and only if it
is σ-invariant, meaning that Dσ−1 ◦ J ◦Dσ = J . The space of (ρ, σ)-anti-invariant
and ω-compatible almost complex structures is denoted by Jρ,σ(M,ω).
Lemma 5.1. The space Jρ,σ(M,ω) is non-empty and contractible in the C∞-
topology.
Proof. Pick any Riemannian metric g0 on M and define
g :=
∑p−1
j=0 (σ
j)∗(g0 + ρ
∗g0)
2p
.
In view of (1.2) this Riemannian metric is invariant under both ρ and σ. Consider
the smooth section A of the automorphism bundle Aut(TM) → M defined by
ωx(X,Y ) = gx(AxX,Y ) for all x ∈ M and for all X,Y ∈ TxM . In view of the
invariances of g, the sectionA satisfies thatDρ−1◦A◦Dρ = −A andDσ−1◦A◦Dσ =
A. For each x ∈M , the automorphism −A2x is symmetric and positive-definite with
respect to g. Denoting by Q the associated smooth map defined as Qx :=
√−A2x for
all x ∈ M , this implies that J := AQ−1 is ω-compatible almost complex structure
onM . We claim that J ∈ Jρ,σ(M,ω). Indeed, Dρ and Dσ preserve the eigenspaces
of −A2, and hence Q commutes with them. This proves the claim and shows that
the space Jρ,σ(M,ω) is non-empty. By a standard argument, it is convex. For
more details, see for example [20, Proposition 1.3.10]. This finishes the proof of the
lemma. 
The following statement will be crucial in the proofs of the theorems.
Theorem 5.2. Let P = (x, T ) be a simply covered periodic orbit on a non-
degenerate tight three-sphere (S3, λ). Assume that µCZ(P ) ≥ 3 and it is linked
to every periodic orbit of µCZ = 2. Then the following assertion holds: Assume
that there exists a dλ|ξ-compatible almost complex structure J such that there ex-
ists an embedded fast finite energy J˜-holomorphic plane asymptotic to P . Then for
any such J ′, there also exists an embedded fast finite energy J˜ ′-holomorphic plane
asymptotic to P .
Proof. We fix any dλ|ξ-compatible almost complex structure J , and let u˜ = (a, u)
be an embedded fast finite energy J˜-holomorphic plane asymptotic to P with
µCZ(P ) ≥ 3. Automatic transversality for embedded fast finite energy planes,
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see [19, Section 15.5] and [37], tells us that the moduli space Mfast(P, J) of (un-
parametrized) fast finite energy J˜-holomorphic planes asymptotic to P is a smooth
manifold of dimension two. Moreover, every element is embedded. Recall that the
SFT-like almost complex structure J˜ is R-invariant from which we obtain the free
R-action on Mfast(P, J) given by
r∗[u˜] = r∗[(a, u)] = [(a+ r, u)], r ∈ R, [u˜] ∈Mfast(P, J).
It is not hard to see that the quotientMfast(P, J)/R is also a smooth manifold. We
claim that it is compact. Choose any sequence {u˜k} such that [u˜k] ∈ Mfast(P, J) for
all k ∈ N. The SFT-compactness theorem [7, 28, 32] tells us that up to subsequence
and reparametrization, the sequence converges in C∞loc-topology to an embedded
finite energy spheres u˜ = (a, u) : C \ Γ→ R× S3 such that it tends asymptotically
to P at +∞, Γ consists of negative punctures, and it is not a trivial orbit cylinder
over P . Assume by contradiction that Γ 6= ∅. Since µCZ(P ) ≥ 3, an argument
using Fredholm theory and bubbling off analysis shows that there exists a periodic
orbit which is not linked to P and has the Conley-Zehnder index equal to 2, see
[38, Section 4]. Because of the hypothesis, we conclude that Γ = ∅, and hence u˜ is
an embedded finite energy plane. It is not hard to see that it is indeed fast. This
proves the claim.
The remaining proof is exactly as in [19, Theorem 17.1.3]. We included it here for
readers’ convenience. As the space of dλ|ξ-compatible almost complex structures
is non-empty and contractible, we can choose a smooth path {Jt}t∈[0,1] of dλ|ξ-
compatible almost complex structures such that J0 = J and J1 = J
′. Consider the
moduli space
N = {(t, [u˜]) ∈ [0, 1]× (Mfast(P, Jt)/R)}.
The preceding discussion tells us that it is a two-dimensional compact manifold
with boundary. The boundary is
∂N = ({0} ×Mfast(P, J)/R) ∪ ({1} ×Mfast(P, J ′)/R) .
As the map N → [0, 1], (t, [u˜]) 7→ t is a proper submersion, the Ehresmann fibration
theorem shows that it is a locally trivial fibration. In particular, we obtain the
diffeomorphism
Mfast(P, J)/R ∼=Mfast(P, J ′)/R.
By the hypothesis, the left-hand side is non-empty. This completes the proof of the
theorem. 
We are now in position to prove the theorems.
Proof of Theorem 1.2. Suppose first that a simply covered symmetric periodic
orbit P bounds an invariant disk-like global surface of section. Then in view of
[38, Section 6] we see that µCZ(P ) ≥ 3 and sl(P ) = −1. It is obvious that P is
unknotted. Moreover, by definition of a global surface of section, it is linked to
every periodic orbit.
We now prove sufficiency. We follow the argument due to Frauenfelder and van
Koert in [19, Corollary 17.1.6] closely. Suppose that an unknotted simply covered
symmetric periodic orbit P has sl(P ) = −1 and µCZ(P ) ≥ 3. The bubbling off
analysis due to Hryniewicz and Saloma˜o [38] shows that if P satisfies the hypothesis
in the statement, then there exists a dλ|ξ-compatible almost complex structure J ′
for which we have an embedded fast finite energy J˜ ′-holomorphic plane asymptotic
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to P , which is not necessarily invariant. Choose any J ∈ Jρ. By Theorem 5.2,
we find that Mfast(P, J)/R is a non-empty compact one-dimensional manifold. A
standard argument shows that
Mfast(P, J)/R ∼= S1
and
S3 \ x(R) =
⋃
[u˜]=[(a,u)]∈Mfast(P,J)/R
u(C)
is a λ-adapted open book decomposition with disk-like pages. See for example [19,
Theorem 17.1.1].
Abbreviate by M̂fast(P, J) the moduli space of parametrized fast finite energy
planes asymptotic to P such that M̂fast(P, J)→Mfast(P, J), u˜ 7→ [u˜]. Recall that
every element in M̂fast(P, J) is embedded. As J is ρ-anti-invariant, the involution
ρ induces the involution ρ∗ : M̂fast(P, J)→ M̂fast(P, J) given by
ρ∗(u˜) := ρ˜ ◦ u˜ ◦ I, u˜ ∈ M̂fast(P, J).
Recall that Fix(ρ) ∼= S1. We denote by L1 and L2 the connected components
of Fix(ρ) \ x(R) which are diffeomorphic to an open interval. Choose q ∈ L1.
The preceding argument shows that there exists an embedded fast finite energy
J˜-holomorphic plane u˜ = (a, u) asymptotic to P such that q ∈ u(C). Due to the
construction of the involution ρ∗, we have ρ∗(u˜) = (a◦I, ρ◦u◦I) is also an embedded
fast finite energy J˜-holomorphic plane asymptotic to P such that q ∈ ρ(u(C)). We
in particular find that
u(C) ∩ ρ (u(C)) 6= ∅
from which we conclude that u(C) = ρ(u(C)), i.e. the closed embedded disk u(C)
is an invariant disk-like global surface of section. Since the restriction of ρ to u(C)
is orientation-reserving, Kere´kja´rto´’s theorem tells us that L1 ⊂ Fix(ρ|u(C)). In the
same way, we find an embedded fast finite energy J˜-holomorphic plane v˜ = (b, v)
asymptotic to P such that v(C) is an invariant disk-like global surface of section
and L2 ⊂ Fix(ρ|v(C)). If λ is dynamically convex, a limiting argument as in [33, 39]
allows us to drop the non-degeneracy assumption. This finishes the proof of the
theorem. 
Proof of Theorem 1.9. Fix J ∈ Jρ,σ(ξ, dλ|ξ). In view of Lemma 5.1 and the
discussion preceding it, by arguing as in the above proof, we find the involutions
(ρj)∗ : M̂fast(P, J) → M̂fast(P, J) for j = 0, . . . , p− 1. Choose q ∈ Fix(ρ) ∩ Fix(σ)
and find an embedded fast finite energy J˜-holomorphic plane u˜ = (a, u) asymptotic
to P such that q ∈ u(C). As above, this implies that
u(C) = ρ(u(C)) = σ(u(C)).
In other words, the disk u(C) a (ρ, σ)-invariant disk-like global surface of section.
We now argue as in [18, Remark 6.6]. Recall that the first return map ψ asso-
ciated to D := u(C) is defined by ψ(x) = φ
τ(x)
R (x), where τ(x) is the first return
time of x ∈ D˚. Define a diffeomorphism Φ: R/Z×D→ S3 \ P as
Φ(t, x) := φ
tτ(x)
R (x),
30 SEONGCHAN KIM
such that for each t ∈ R/Z, the closure Φ(t,D) is a disk-like global surface of section
spanned by P . Since ρj ◦ φtR ◦ ρj = φ−tR for all j, we find that
τx = τρj◦φτ(x)R (x)
∀j.
This open book decomposition is then (ρ, σ)-symmetric in the sense that
Φ(1 − t,D) = ρj ◦ Φ(t,D), ∀t ∈ R/Z, ∀j = 0, 1, . . . , p− 1.
We find that P bounds two (ρ, σ)-invariant global surfaces of section D = Φ(0,D)
and D′ := Φ(1/2,D). Each of them contains the only one common fixed point of ρ
and σ, i.e. #(Fix(ρ) ∩ Fix(σ)) = 2. This completes the proof of the theorem. 
Proof of Theorem 1.10. Let P = (x, T ) be a simply covered symmetric periodic
orbit on (L(p, q), λ, ρ), where λ is dynamically convex.
If P bounds an invariant p-rational disk-like global surfaces of section, then
by definition it is p-unknotted. An application of [40, Lemma 3.10] shows that
sl(P ) = −1/p.
Assume that P is p-unknotted and has sl(P ) = −1/p. Choose J ∈ Jρ(ξ, dλ|ξ).
Hryniewicz and Saloma˜o show in [42, Section 4] that Mfast(P, J)/R ∼= S1, and
L(p, q) admits a λ-adapted p-rational open book decomposition with disk-like pages
whose binding is P . We fix q ∈ Fix(ρ) \ x(R) and argue as before to obtain that
there exists an invariant p-rational disk-like global surface of section containing q.
This finishes the proof of the theorem. 
6. Proof of Theorems 1.4 and 1.11
We give a quick review of the example provided by Hofer, Wysocki, and Zehnder
in [28, Lemma 1.6] and [33, Section 4].
Consider the Hamiltonian H : C2 → R, defined by
H(z1, z2) :=
|z1|2
r21
+
|z2|2
r22
,
where 0 < r1 < r2 and r
2
2/r
2
1 /∈ Q. It is invariant under exact anti-symplectic
involutions ρ of the form
(z1, z2) 7→ (eiϑ1z1, eiϑ2z2), ϑ1, ϑ2 ∈ R.
The (regular) level set E := H−1(1) is referred to as an irrational ellipsoid. The
restrictions of ρ to E are anti-contact involutions. By abuse of notation, we denote
the restrictions again by the same letters. For sake of convenience, in what follows
we concentrate only on ρ with ϑ1 = ϑ2 = 0. An analogue assertion holds also for
the other involutions. The fixed point set of ρ is the ellipse
{(x1, 0, x2, 0) ∈ E | x
2
1
r21
+
x22
r22
= 1}.
We define the Hamiltonian vector field XH as ιXHω0 = −dH , where ω0 = dx1 ∧
dy1 + dx2 ∧ dy2 is the standard symplectic form. The Liouville vector field
Y =
1
2
(x1∂x1 + y1∂y1 + x2∂x2 + y2∂y2)
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is transverse to E so that the Liouville one-form λ0 = ιY ω0 restricts to the contact
form α on E. It is straightforward to check that R = XH , where R = Rα is the
Reeb vector field associated to α, and that ρ∗R = −R. The Reeb flow is given by
φtR(z1, z2) =
(
e(2/r
2
1)itz1, e
(2/r22)itz2
)
.
The condition r21/r
2
2 /∈ Q tells us that there exist exactly two simply covered periodic
orbits, up to reparametrization,
γ1(t) = (r1e
(2/r21)it, 0) and γ2(t) = (0, r2e
(2/r22)it)
having the minimal periods T1 = πr
2
1 and T2 = πr
2
2 , respectively. As usual, we
abbreviate Pj = (γj , Tj), j = 1, 2. For each j = 1, 2, the half-chord of Pj with
respect to ρ is written as Cj = (cj , Tj/2), where cj(t) := γj(t)|[0,T1/2]. These orbits
have the following properties:
(1) P1 and P2 are symmetric and unknotted and have sl(P1) = sl(P2) = −1.
(2) P1 and P2 and all their iterates are non-degenerate and elliptic.
(3) C1 and C2 and all their iterates are non-degenerate.
(4) µCZ(P1) = 2µCZ(C1) = 3 and µCZ(P2) = 2µRS(C2) = 3 + 2
⌊
r22/r
2
1
⌋ ≥ 5.
Set S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}. Define the diffeomorphism Ψ: S3 →
E as z 7→ √fE(z)z, where fE : S3 → R is given by fE(z1, z2) := 1/H(z1, z2).
It is straightforward to check that Ψ∗(λ0|E) = fEλ0|S3 =: λE |S3 and Ψ∗ρ = ρ.
Therefore, the Hamiltonian vector field XH on E is equivalent to the Reeb vector
field RE of the contact form λE |S3 on S3. In particular, the λE -dynamics on S3
satisfies all the properties of the XH -dynamics on E. By abuse of notation we
denote the corresponding periodic orbits and chords on S3 again by P1, P2, C1, and
C2. Note that im(γ1) = S
1 × {0} and im(γ2) = {0} × S1.
By the proof of Theorem 1.2 we obtain the following.
Proposition 6.1. For every J ∈ Jρ, there exist two embedded invariant fast finite
energy J˜-holomorphic planes asymptotic to P1 whose projections to S
3 are invariant
disk-like global surfaces of section. An analogous statement holds for P2.
Recall that for coprime integers p ≥ q ≥ 1, (S3, λE) admits the p-periodic strict
contactomorphism
gp,q(z1, z2) = (e
2πi/pz1, e
2πiq/pz2)
satisfying that gp,q◦ρ◦gp,q = ρ. It generates a free Zp-action on S3 whose associated
orbit space is a lens space L(p, q). The contact form λE and the anti-contact
involution ρ descend to a contact form λE and an anti-contact involution ρ on
L(p, q), respectively. Let πp,1 : S
3 → L(p, q) be the quotient projection. The Reeb
vector field RE of λE has exactly two simply covered periodic orbits P1 = (πp,1 ◦
γ1, T1/p) and P2 = (πp,1 ◦ γ2, T2/p). They are ρ-symmetric and p-unknotted and
has sl(P1) = sl(P2) = −1/p.
Fix y ∈ Fix(ρ) \ πp,1(S1 × {0}) and J ∈ Jρ. In view of [42, Proposition 4.17]
we find an embedded fast finite energy J˜-holomorphic plane u˜ = (a, u) asymptotic
to the p-th iterate P1
p
of P1 such that y ∈ u(C). Since J is anti-invariant, the
pseudoholomorphic map ρ˜◦ u˜ ◦ I has the same properties. By the choice of y, we in
particular have y ∈ ρ◦u(C). Then [42, Theorem 4.18] tells us that u˜(C) = ρ˜◦u˜◦I(C).
We have proven the following.
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Proposition 6.2. For each J ∈ Jρ, there exists an embedded invariant finite energy
J˜-holomorphic plane in L(p, q) asymptotic to P1
p
.
6.1. The existence of a symmetric periodic orbit. This subsection is devoted
to prove Theorem 1.4.
Assume that a non-degenerate real tight three-sphere (S3, λ, ρ) satisfies that
P∗ = ∅. Let f : S3 → (0,∞) be a smooth ρ-invariant function such that λ|S3 =
fλ0|S3 , where ρ is of the form (1.1) with ϑ1 = ϑ2 = 0. We denote by R = Rλ
the Reeb vector field of λ. Let (S3, λE , ρ) be as in the previous subsection. We
interpolate between the λE-dynamics and the λ-dynamics as in Section 4 with the
data (M, g, f) = (S3, fE , f), JE ∈ Jρ(ξ, dλE |ξ), and J ∈ Jρ(ξ, dλ|ξ) and study
generalized invariant finite energy planes.
Due to Hofer, Wysocki, and Zehnder [33, Theorem 4.6] every generalized in-
variant finite energy plane tends asymptotically to a periodic orbit of RE . We fix
Jˆ ∈ Jρ˜(λE , JE , λ, J) and denote by Θ the set of generalized invariant finite energy
Jˆ-holomorphic planes, modulo reparametrizations, asymptotic to P1 = (γ1, T1)
which has the smallest period among all periodic orbits of RE . We observe that
this set is non-empty. Indeed, in view of Proposition 6.1 there exists an embedded
invariant finite energy J˜E-holomorphic plane v˜ = (b, v) asymptotic to P1. Since
+∞ is its unique puncture, the smooth function b : C→ R is bounded from below,
and hence we find a constant C > 0 such that b(z) + C > 2 for all z ∈ C. De-
fine u˜E = (aE , uE) := (b + C, v). As aE(z) > 2 on C, we find that Jˆ = J˜E and
hence u˜E ∈ Θ. Using [33, Proposition 4.13], we find that every element in Θ is
an embedding. Moreover, if u˜, v˜ ∈ Θ, then they satisfy either im(u˜) = im(v˜) or
im(u˜) ∩ im(v˜) = ∅.
Arguing as in [33, Propositions 4.17 and 4.18], we find using Theorem 4.1 a
sequence u˜k = (ak, uk) ∈ Θ such that
inf
k
(min
z∈C
ak(z)) = −∞ and sup
k
(max
z∈C
|∇u˜k|) =∞. (6.1)
Let Γ = {z1, . . . , zk, ζ1, . . . , ζℓ, ζ1, . . . , ζℓ} be the (non-empty) set of bubbling off
points of the sequence {u˜k} such that Im(zj) = 0 and Im(ζj) 6= 0 for all j. Using
a standard argument we find a sequence {u˜n} = {(an, un)} ∈ Θ which, up to
subsequence, converges in C∞loc(C\Γ,R×S3) to an embedded generalized invariant
finite energy Jˆ-holomorphic sphere u˜ = (a, u) : C \Γ→ R×S3 such that Γ consists
only of negative punctures. In view of (6.1) we find symmetric periodic orbits
P1, . . . , Pk and non-symmetric periodic orbits Q1, . . . , Qℓ of the Reeb vector field R
such that they are the negative asymptotic limits of u˜ at z1, . . . , zk and ζ1, . . . , ζℓ,
respectively. Note that Qi is the asymptotic limit at ζi, i = 1, . . . , ℓ.
We carry out bubbling off analysis following [28, 32, 36]. Pick any zj0 ∈ Γ. For
each ε > 0 small enough, the limit
mε(zj0) = lim
n→∞
∫
Bε(zj0 )
u∗ndλ =
∫
∂Bε(zj0 )
u∗λ
exists since u˜n → u˜ in C∞loc(C \ Γ,R× S3). The quantity mε(zj0) is decreasing as
ε→ 0+, and hence we have
m(zj0) := lim
ε→0+
mε(zj0) ∈ R,
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which is referred to as the mass of u˜ at the puncture zj0 . Let σ > 0 be a positive
real number less than min{σ1, σ2}, where σ1 is the minimum of the set of periods
of all periodic orbits of R and
σ2 = min{|T1 − T2| | T1 6= T2 ≤ πr21 are periods of periodic orbits of R}.
Note that σ1, σ2 are positive since the contact form λ is assumed to be non-
degenerate.
Choose ε > 0 such that
mε(zj0)−m(zj0) ≤
σ
2
and a sequence zn ∈ D defined by an(zn) = infBε(zj0) an. Since zj0 ∈ Γ, we have
zn → zj0 as n→∞. We write zn = (xn, yn), and by abuse of notation we identify
xn with (xn, 0). Note that xn → zj0 as n → ∞. We claim that a sequence {δn}
defined by ∫
Bδn (xn)
u∗ndλ = m(zj0)− σ > 0 (6.2)
satisfies that δn → 0 as n→∞. Indeed, for ε > 0 sufficiently small, we find that
lim
n→∞
∫
Bε(xn)
u∗ndλ = limn→∞
∫
∂Bε(xn)
u∗nλ =
∫
∂Bε(zj0)
u∗λ = mε(zj0).
Thus, for n large enough we obtain that∫
Bε(xn)
u∗ndλ ≥ mε(zj0)− σ ≥ m(zj0)− σ.
Since xn → zj0 , this proves the claim. We then find a sequence Rn →∞ such that
BRnδn(xn) ⊂ Bε(zj0). (6.3)
Define the rescaled J˜-holomorphic maps v˜n : BRn(0)→ R× S3 as
v˜n(z) = (bn(z), vn(z)) := (an(xn + δnz)− an(xn + 2δn), un(xn + δnz)) (6.4)
which are invariant. In view of (6.3) we find that∫
BRn (0)\D
v∗ndλ =
∫
BRnδn (xn)\Bδn (xn)
u∗ndλ ≤
∫
Bε(zj0)\Bδn (xn)
u∗ndλ
from which together with (6.2) we obtain that
lim sup
n→∞
∫
BRn (0)\D
v∗ndλ ≤ mε(zj0)−m(zj0) + σ
for ε > 0 small enough. Since ε was arbitrary, we have
lim sup
n→∞
∫
BRn (0)\D
v∗ndλ ≤ σ,
and hence the sequence v˜n has uniform gradient bound on C \ D. A standard
argument shows that v˜n converges in C
∞
loc(C \ Γ′,R × S3) to an invariant finite
energy J˜-holomorphic sphere v˜ = (b, v) : C \ Γ′ → R × S3, where Γ′ ⊂ D is a
finite set consisting of negative punctures such that I(Γ′) = Γ′. Moreover, v˜ tends
asymptotically to Pj0 at a unique positive puncture +∞.
If ζi0 ∈ Γ, then arguing as above we find a finite energy J˜-holomorphic sphere
w˜ = (c, w) : C \ Γ′′ → R × S3, where Γ′′ ⊂ D is a finite set consisting of negative
punctures and w˜ tends asymptotically to Qi0 at a unique positive puncture +∞.
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The presence of the ρ˜-symmetry provides us with a finite energy J˜-holomorphic
sphere ρ˜ ◦ w˜ ◦ I = (c ◦ I, ρ ◦w ◦ I) : C \ I(Γ′′)→ R× S3 which tends asymptotically
to Qi0 at a unique positive puncture +∞.
As in [32, Proposition 8.1], one can show that if Γ′ 6= ∅, then 0 ∈ Γ′. Moreover,
if Γ′ = {0}, then it then takes at least the amount σ of dλ-energy away. If #Γ′ ≥ 2,
then by means of [29, Theorem 6.11] we find that every negative limit of v˜ has
smaller action than Pj0 . An analogous statement holds for w˜. Thus, if either Γ
′ or
Γ′′ is non-empty, then we proceed in a similar way as above and obtain the following
invariant holomorphic building:
(1) The top is a single embedded generalized invariant finite energy sphere
u˜ : C\Γ→ R×S3. It tends asymptotically to the symmetric periodic orbit
P1 = (x1, T1) of RE at its unique positive puncture +∞. All other punc-
tures in Γ are negative. At each zj ∈ Γ and each ζi ∈ Γ, the map u˜ tends
asymptotically to a symmetric periodic orbit Pj and a non-symmetric pe-
riodic orbit Qi of the Reeb vector field R, respectively. The non-symmetric
periodic orbit Qi is the asymptotic limit of u˜ at ζi ∈ Γ.
(2) The middle ones are finite energy J˜-holomorphic spheres v˜i : C\Γi → R×S3
for the λ-equation with one positive end and finitely many negative ends.
(3) The bottom consists of finite energy J˜ -holomorphic planes for the λ-equation.
(4) One of the negative asymptotic orbits of a finite energy sphere, not a plane,
coincides with the positive asymptotic orbit of some finite energy sphere in
the next floor.
(5) A finite energy J˜-holomorphic sphere is invariant if and only if the positive
asymptotic orbit is symmetric.
See Figure 1 for an illustration of the abovedescribed invariant holomorphic build-
ing.
Figure 1. An illustration of an invariant holomorphic building.
The dashed vertical line indicates the symmetry
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Proposition 6.3. Let P = (x, T ) and Q = (y, T ′) be symmetric and non-symmetric
periodic orbits appearing as asymptotic limits in the invariant holomorphic building
above. Assume that Jˆ is generic in the sense of Theorem 4.2. Then µRS(P ) = 3/2
and µCZ(Q) = 2.
Proof. We follow [38, Lemma 5.14] closely.
Let w˜ = (c, w) : C \ Γ0 → R × S3 be the invariant finite energy sphere in
the holomorphic building having P as the positive asymptotic limit. Set Γ0 =
{z01 , . . . , z0m, ζ01 , . . . , ζ0n, ζ01 , . . . , ζ0n} with Im(z0j ) = 0 and Im(ζ0i ) 6= 0 for all i, j. Ab-
breviate by P 0j and Q
0
i the associated negative limits which are symmetric and non-
symmetric, respectively. We claim that if µRS(P ) ≤ 1/2, then there exists either
j ∈ {1, . . . ,m} such that µRS(P 0j ) ≤ 1/2 or i ∈ {1, . . . , n} such that µCZ(Q0i ) ≤ 1.
Arguing indirectly we assume that µRS(P
0
j ) ≥ 3/2 and µCZ(Q0i ) ≥ 2 for all i, j.
The asymptotic behavior of the finite energy half-sphere w˜I associated to w˜ de-
scribed in Theorem 3.12 implies that wind∞(w˜I ,+∞) ≤ 0, wind∞(w˜I , z0j ) ≥ 1,
and wind∞(w˜I , ζ
0
i ) ≥ 1. Here, the asymptotic winding number at each puncture is
computed via a global trivialization of the trivial bundle ξ → S3. If π ◦ dw does
not vanish identically, then in view of Lemma 3.19, we find that
1
2
− 1
2
m− n ≤ wind∞(w˜I ,+∞)−
m∑
j=1
wind∞(w˜I , z
0
j )−
n∑
i=1
wind∞(w˜I , ζ
0
i )
≤ −m− n
which is absurd. Therefore, π ◦ dw ≡ 0. Denote by τ the minimal period of P so
that T = κτ , where κ ≥ 1 is the covering number. In view of [29, Theorem 6.11]
we find that ℓ = 0 and P 0j = (x, κjτ) for all j with κj ∈ N and κ =
∑m
j=1 κj . If
µRS(x, τ/2) ≥ 3/2, in view of Proposition 3.5 we find that µRS(P ) ≥ 3/2, which
contradicts the hypothesis. Therefore, µRS(x, τ/2) ≤ 1/2. Again by Proposition
3.5 µRS(P
0
j ) ≤ 1/2 for all j. This contradiction proves the claim.
Let w˜′ = (c′, w′) : C\Γ1 → R×S3 be the finite energy sphere in the holomorphic
building havingQ as the positive asymptotic limit. Assume that µCZ(Q) ≤ 1. Using
Propositions 3.3 and 3.14, one can argue as above and find that among the negative
asymptotic limits there exists either a symmetric periodic orbits of µRS ≤ 1/2 or a
non-symmetric periodic orbit µCZ ≤ 1.
We repeat the above process and obtain a finite energy J˜-holomorphic plane in
the bottom of the building. If it is invariant, then it is asymptotic to a symmetric
periodic orbit P such that µRS(P ) ≤ 1/2. If it is not invariant, then it is asymptotic
to a non-symmetric periodic orbit Q such that µCZ(Q) ≤ 1. This contradicts
Theorems 3.16 and 3.21. Therefore, we have µRS(P ) ≥ 3/2 and µCZ(Q) ≥ 2.
In view of µRS(P1) = 3/2, an application of Theorem 4.2 provides the inequality
1 ≥
m∑
j=1
(
µRS(Pj)− 1
2
)
+
n∑
i=1
(µCZ(Qi)− 1) .
The preceding discussion implies that 1 ≥ m + n and hence either m = 0, n = 1
or m = 1, n = 0. In the first case u˜ has exactly two negative asymptotic limits
Q0, Q0 which are non-symmetric and have µCZ(Q
0) = µCZ(Q0) = 2. In the latter
case the negative asymptotic limit P 0 is symmetric and has µRS(P
0) = 3/2 so that
in view of Proposition 3.5 it is simply covered.
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Assume the non-symmetric case. Let v˜0 = (b0, v0) : C \ Γ0 → R × S3 be the
finite energy J˜-holomorphic sphere in the second floor of the holomorphic building
havingQ0 as its unique positive asymptotic limit. Denote byQ01, . . . , Q
0
k its negative
asymptotic limits. As v˜0 is embedded, π ◦ Tv does not vanish identically. In view
of Theorem 3.15 we find that
µCZ(Q
0)−
k∑
i=1
µCZ(Q
0
i ) ≥ 2windπ(v˜) + 4− 2(#Γeven + 1)−#Γodd
≥ 2− 2#Γ.
Since µCZ(Q
0) = 2, we have 0 ≥ ∑ki=1 (µCZ(Q0i )− 2). Again by the preceding
discussion we have µCZ(Q
0
i ) = 2 for all i. If Q
0
i0
is a symmetric periodic orbit for
some i0 ∈ {1, . . . , k}, then together with Lemma 3.6 the fact that µRS(Q0i0) ≥ 3/2
tells us that µRS(Q
0
i0) = 3/2.
We now assume the symmetric case, i.e. (m,n) = (1, 0). Let v˜0 = (b0, v0) : C \
Γ0 → R × S3 be the invariant finite energy J˜-holomorphic sphere having P 0 as
its positive asymptotic limit. Denote by P 01 , . . . , P
0
ℓ and by Q
0
1, . . . , Q
0
k its sym-
metric negative asymptotic limits and non-symmetric negative asymptotic limits,
respectively. Recall that µRS(P
0
j ) ≥ 3/2 and µCZ(Q0i ) ≥ 2 for each i, j. In view of
Proposition 3.20, arguing as above, we find that
ℓ∑
j=1
(
µRS(P
0
j )−
1
2
)
+
k∑
i=1
(
µCZ(Q
0
i )− 2
) ≤ 0
from which we conclude that ℓ = 0 and µCZ(Q
0
i ) = 2 for all i.
We have shown that all positive asymptotic limits in the second and the third
floors of the holomorphic building have µRS = 3/2 for symmetric ones and µCZ = 2
for non-symmetric ones. By repeating the process, we obtain the desired result.
This finishes the proof of the proposition. 
Assume that Jˆ is generic in the sense of Theorem 4.2 so that the assertion of
the preceding proposition holds. Consider the finite energy planes in the bottom
of the holomorphic building. If there exists a non-invariant one, i.e. a finite energy
plane u˜ = (a, u) whose asymptotic limit Q is non-symmetric, then µCZ(Q) = 2.
By Theorem 3.16, u˜ is fast. By definition, u is an immersion transverse to R, and
hence u˜ is an immersion. We consider the set
D = {(z1, z2) ∈ C× C | z1 6= z2, v˜(z1) = v˜(z2)}.
If D has a limit point in (C × C) \ ∆, where ∆ is the diagonal, then Carleman’s
similarity principle tells us that there exists a polynomial p : C → C such that
deg(p) ≥ 2 and a J˜-holomorphic plane v˜ : C → R × S3 such that u˜ = v˜ ◦ p. This
implies that du˜ has a zero, which is impossible because u˜ is an immersion. Therefore,
D is a discrete set. Recall that u˜ is the limit of a sequence u˜n of some embedded
J˜-holomorphic maps. If D 6= ∅, then positivity and stability of self-intersections
of immersed pseudoholomorphic curves tell us that u˜n has a self-intersection for n
sufficiently large. This contradiction shows that D = ∅. In view of the asymptotic
behavior of a non-degenerate finite energy plane we conclude that u˜ is embedded.
By [31, Theorem 1.7] we then have sl(Q) = −1. In other words,
Q ∈ P∗ = ∅,
37
which is absurd. Therefore, every bottom finite energy plane is invariant, and its
asymptotic limit P is an unknotted simply covered symmetric periodic orbit of
µRS(P ) = 3/2. In view of Corollary 3.22 it is fast. Arguing as above, we find that
every bottom finite energy plane is embedded. Again by [31, Theorem 1.7], the
asymptotic limit P has sl(P ) = −1. Lemma 3.6 shows that µCZ(P ) ∈ {2, 3, 4}.
This proves the assertion of the theorem in the non-degenerate case.
Remark 6.4. We have assumed that λ is non-degenerate. However, the proof only
makes use of periodic orbits of R of periods less than T1 = πr
2
1 . Therefore, the
assertion also holds if we assume that all periodic orbits of periods less than T1 are
non-degenerate.
In order to complete the proof, assume that λ is dynamically convex, not nec-
essarily non-degenerate. In view of the real Gray stability [17, Theorem 2.1.6] and
a symmetric counterpart of the result of Robinson [50], as in [33, Proposition 6.1
and Corollary 6.2] one obtains the following.
Lemma 6.5. Let (M,λ, ρ) be a closed real contact three-manifold. Assume that λ
is non-degenerate and fix T > 0. Then there exists a sequence of smooth ρ-invariant
functions fk : M → (0,∞) converging to the contact function 1 having the properties
that all periodic orbits of fkλ of periods less than T are non-degenerate and have
µCZ ≥ 3 for every k. In particular, every symmetric periodic orbit of fkλ of period
less than T has µRS ≥ 3/2 for all k.
Recall that λ = fλ0 for some f : S
3 → (0,∞) such that f < fE . Choose a sequence
fk of positive smooth functions on S
3 such that fk is ρ-invariant and converges to
the constant function 1, and all periodic orbits of fkλ of periods less than T1 are
non-degenerate and have µCZ ≥ 3. In view of Remark 6.4, the proof in the non-
degenerate case tells us that there exists a sequence Pk = (xk, Tk) such that Pk is an
unknotted simply covered symmetric periodic orbit of fkλ such that sl(Pk) = −1
and µCZ(Pk) ∈ {3, 4} for all k. Moreover, we have the uniform bound Tk ≤ πr21 .
Therefore, by Arzela`-Ascoli theorem, up to a subsequence, Pk converges in C
∞(S1)
to a symmetric periodic orbit P = (x, T ) of λ as k →∞. Since the Conley-Zehnder
index is lower semi-continuous, see [33, Section 3], we have µCZ(P ) ∈ {3, 4}. By
[33, Theorem 3.4], P is simply covered. It follows that P is transversally isotopic to
all Pk for k sufficiently large, and hence it is unknotted and has self-linking number
equal to −1.
We have proved the theorem for ρ with ϑ1 = ϑ2 = 0. An analogous argument
also holds with arbitrary ϑ1, ϑ2. This finishes the proof of Theorem 1.4.
6.2. The existence of a (ρ, σ)-symmetric periodic orbit. We prove Theorem
1.11 by following the argument in [52] closely. Fix p ≥ 1 and assume that λ is
dynamically convex. We only consider the case that ϑ2 = 0, namely, we have
ρ(z1, z2) = (e
iϑz1, z2) for some ϑ ∈ R. The other case can be proved in a similar
manner by interchanging the roles of r1 and r2 in the λE-dynamics.
Assume first that λ is non-degenerate. For sake of convenience, we may assume
that ϑ1 = 0. We also assume that Jˆ is generic in the sense of Theorem 4.2. We
carry out bubbling off analysis as in the preceding subsection and obtain an invari-
ant holomorphic building. The analysis we need is done in [42, Section 3] and [52,
Section 4.1]. The top of the holomorphic building is a single generalized invariant
finite energy sphere u˜ : C \Γ→ R×L(p, 1) which is asymptotic to P1p at +∞. All
38 SEONGCHAN KIM
other punctures in Γ are negative. Moreover, every asymptotic limit in the build-
ing is contractible. In particular, symmetric ones are symmetrically contractible,
meaning that if x : R → L(p, 1) is a symmetric asymptotic limit, then there exists
a spanning disk vx : D → L(p, 1) such that ρ ◦ vx = vx ◦ I. Therefore, every neg-
ative asymptotic limit has well-defined Conley-Zehnder index or Robbin-Salamon
index. In what follows, µCZ(P ) or µRS(P ) denotes the Conley-Zehnder index or
the Robbin-Salamon index of P computed using a trivialization that extends to a
(symmetric) spanning disk, respectively.
Lemma 6.6. We have Γ = {z∗} with Im(z∗) = 0. The associated asymptotic limit
P has µRS(P ) = 3/2.
Proof. Different from the previous subsection, u˜ is not necessarily embedded be-
cause the positive asymptotic limit P1
p
is not simply covered. We first assume that
u˜ is not somewhere injective. Then we find a somewhere injective generalized in-
variant finite energy sphere v˜ : C\Γ′ → R×L(p, 1) and a polynomial q : C→ C with
deg(q) ≥ 2 such that u˜ = v˜◦q, q−1(Γ′) = Γ, and I ◦q = q◦I. Moreover, v˜ is asymp-
totic to P1
k
at +∞, where k = p/deg(q), and the punctures in Γ′ 6= ∅ are negative.
Note that P1
k
is non-contractible. Set Γ′ = {z′1, . . . , z′m, ζ′1, . . . , ζ ′ℓ, ζ′1, . . . , ζ′ℓ} with
Im(z′j) = 0 and Im(ζ
′
j) 6= 0 for all j. Abbreviate by Pz′j and Qζ′i the associated
asymptotic limits of v˜. We observe that at least one negative asymptotic limit is
non-contractible. Indeed, if every negative asymptotic limit is contractible, then
this forces P1
k
to be contractible. In [52, Lemma 4.7] it is shown that only one
negative asymptotic limit is non-contractible. Since v˜ is invariant, it is necessar-
ily symmetric. Without loss of generality, we may assume that Pz′1 = (x
′, T ′) is
the non-contractible one. Its deg(q)-fold cover (Pz′1)
deg(q) is (symmetrically) con-
tractible.
Recall that P1 = (x, T ) is a non-degenerate symmetric periodic orbit on (S
3, λE , ρ)
such that x(t) = (e2πit/T , 0) and T = πr21 . Under the projection πp,1 : S
3 → L(p, 1),
we obtain a simply covered ρ-symmetric periodic orbit P1 = (x, T ) on L(p, 1), where
T = T/p. There exists an embedded symmetric spanning disk u0 : D → S3 of xT
such that u∗0ξ has a ρ-symmetric unitary trivialization Φ̂ that induces a ρ-symmetric
unitary trivialization Φ: S1 × C→ x∗T ξ given by
Φ(e2πit, α) = (xT (t), e
−2πitα), e2πit ∈ S1, α ∈ C.
For a proof, see [28, Lemma 1.6]. Consider the ρ-symmetric unitary trivialization
Ψ˜ : S1 × C→ x∗T ξ, (e2πit, α) 7→ (xT (t), e−2πi(p−1)tα).
Denoting by Ψ˜(t, ·) := Ψ˜(e2πit, ·), t ∈ R/Z, we find that
Ψ˜
(
t+
1
p
)
= e2πi/pΨ˜(t), ∀t ∈ R/Z.
Therefore, it descends to a ρ-symmetric unitary trivialization Ψ of x∗
T
ξ. It is shown
in [52, Lemma 4.8] that µΨ
k
CZ(P1
k
) = 2k − 1. By Lemma 3.6, we have
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|µΨkCZ(P1
k
)− 2µΨkRS(P1
k
)| ≤ 1
⇒ µΨkCZ(P1
k
)− 1 ≤ 2µΨkRS(P1
k
) ≤ µΨkCZ(P1
k
) + 1
⇒ k − 1 ≤ µΨkRS(P1
k
) ≤ k.
Since µΨ
k
RS(P1
k
) ∈ (1/2)Z, we conclude that
µΨ
k
RS(P1
k
) = k − 1
2
.
Let v′j be a symmetric spanning disk of Pz′j for j = 2, . . . ,m and w
′
i be a capping
disk of Qζ′
i
for i = 1, . . . , ℓ. Choose a symmetric unitary trivialization Ψ̂ over a
cylinder v˜#v′2# · · ·#v′m#w′1# · · ·#w′ℓ#w′1# · · ·#w′ℓ such that Ψ̂ = Ψ
k
along P1
k
.
Denote by Ψ′ the induced symmetric unitary trivialization of (x′T ′ )
∗ξ. The proof
of [52, Lemma 4.9] shows that µΨ
′
CZ(Pz′1) ≥ 2k − 1. Arguing as before, we find that
µΨ
′
RS(Pz′1) ≥ k −
1
2
.
Since u˜ is the limit of a sequence of embedded pseudoholomorphic curves, by posi-
tivity and stability of self-intersections of immersed pseudoholomorphic curves, v˜ is
immersed. An application of Theorem 4.2 provides us with the following inequality
µΨ
k
RS(P1
k
)− µΨ′RS(Pz′1)−
m∑
j=2
(
µRS(P
′
j)−
1
2
)
−
ℓ∑
i=1
(µCZ(Q
′
i)− 1) ≥ 0.
Together with the dynamical convexity of λ this implies that (m, ℓ) = (1, 0), i.e.
Γ′ = {z′1}, and µΨ
′
RS(Pz′1) = k − 1/2.
As has been shown by Schneider in [52, Section 4], we have q(z) = z′1 + a(z −
z∗)
deg(q) for some non-zero a ∈ C and hence Γ = {z∗}. This implies that u˜ has
a unique negative asymptotic limit P := (Pz′1)
deg(q) at z∗ which is contractible.
Using the symmetric unitary trivialization constructed above over the symmet-
ric spanning disk u0#v˜#v
′
2# · · ·#v′m#w′1# · · ·#w′ℓ#w′1# · · ·#w′ℓ, Schneider com-
putes that µCZ(P ) = 3. Arguing as above we finally have
µRS(P ) = 3/2.
We now assume that u˜ is somewhere injective. Since it is immersed, we are able
to apply Theorem 4.2 and obtain that
µRS(P1
p
)− 1
2
≥
∑
z∈Γ∂
(
µRS(Pz)− 1
2
)
+
∑
ζ∈Γint∩H
(µCZ(Qz)− 1) .
Since µRS(P1
p
) = 3/2 and λ is dynamically convex, we conclude that Γ = {z} and
µRS(Pz) = 3/2. This finishes the proof of the lemma. 
Let v˜ = (b, v) : C\Γ0 → R×L(p, 1) be the invariant finite energy J˜-holomorphic
sphere in the second floor of the holomorphic building. The preceding lemma tells
us that the positive asymptotic limit P has µRS(P ) = 3/2. Assume that Γ
0 6= ∅.
We first suppose that π ◦ dv 6≡ 0. Let T be a symmetric unitary trivialization of
v˜∗ξ that extends to (symmetric) spanning disks of the negative asymptotic limits.
Since µRS(P ) = 3/2, µRS(Pz) ≥ 3/2 for all z ∈ Γ0∂ , and µCZ(Qζ) ≥ 3 for all
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ζ ∈ Γ0int ∩H , we have windT∞(v˜I ,+∞) ≤ 1/2, windT∞(v˜I , z) ≥ 1 for all z ∈ Γ0∂ , and
windT∞(v˜I , ζ) ≥ 2 for all ζ ∈ Γ0int ∩H . An application of Lemma 3.19 tells us that
0 ≤ windπ(v˜)
= windT∞(v˜I ,+∞)−
∑
z∈Γ0
∂
windT∞(v˜I , z)−
∑
ζ∈Γ0int∩H
windT∞(v˜I , ζ)
− 1 + #Γ
0
∂
2
+ #(Γ0int ∩H)
≤ −1
2
− #Γ
0
∂
2
−#(Γ0int ∩H)
which is absurd. Therefore, π ◦ dv ≡ 0. Recall that #Γ0 ≥ 2. By [29, Theorem
6.11] we have imv˜ = R× x(R), where P = (x, T ), and Γ0 = Γ0∂ , i.e. every negative
asymptotic limit is symmetric. Denote by Pmin = (x, Tmin) the underlying simply
covered symmetric periodic orbit of P with T = m∞Tmin for some m∞ ∈ N. For
each z ∈ Γ0, the associated asymptotic limit Pz = (x, Tz) satisfies that Tz =
mzTmin, where mz ∈ N and
∑
z∈Γ0 mz = m∞. Since #Γ
0 ≥ 2, we have m∞ ≥ 2.
Lemma 6.7. The symmetric periodic orbit Pmin is non-contractible, and the cover-
ing number m∞ is minimal in the sense that if P
k
min is contractible, then k ≥ m∞.
Moreover, m∞ divides p.
Proof. Let Q = (y, T ) be a periodic orbit on (M,λ) and choose a unitary trivial-
ization T of y∗ξ. Associated to Q and T is the transverse rotation number ρT(Q)
with respect to T. This depends only on the homotopy class of T. We do not give
the definition, but recall the following important properties.
• Given n ∈ N , we write Qn = (y, nT ). Then
ρT
n
(Qn) = nρT(Q). (6.5)
• If Qn is non-degenerate, then
µT
n
CZ(Q
n) =
{
2ρT
n
(Qn) if Qn is hyperbolic,
2
⌊
ρT
n
(Qn)
⌋
+ 1 if Qn is elliptic.
(6.6)
In particular, if Qn is elliptic, ρT
n
(Qn) is not an integer.
If Q is contractible, we simply write as ρ(Q), where the transverse rotation number
is computed using any unitary trivialization over any spanning disk.
Assume by contradiction that Pmin is contractible. Since µRS(P ) = 3/2, we have
µCZ(P ) ∈ {3, 4}. If µCZ(P ) = 3, then by (6.6) we have 1 < ρ(P ) < 2 and hence
1
m∞
< ρ(Pmin) <
2
m∞
≤ 1
by (6.5). If µCZ(P ) = 4, then ρ(P ) = 2 and hence ρ(Pmin) = 2/m∞ ≤ 1. In any case
we have ρ(Pmin) ≤ 1. On the other hand, since Pmin is contractible, the dynamical
convexity of the contact form implies µRS(Pmin) ≥ 3/2 so that 1 < ρ(Pmin). This
contradiction shows that Pmin is non-contractible.
The remaining assertions are proved in [52, Lemma 4.10]. This completes the
proof of the lemma. 
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Since Pz = (x,mzTmin) is contractible, and 1 ≤ mz ≤ m∞, by the preceding
lemma we have mz = m∞ for all z ∈ Γ0 from which we obtain that #Γ0 = 1. This
contradicts to the fact that #Γ0 ≥ 2.
We have shown that the invariant holomorphic building consists of the two
pseudoholomorphic curves: The top is a generalized invariant finite energy sphere
u˜ : C \ {z∗} → R × L(p, 1) such that P1p is the asymptotic limit at +∞, and the
negative asymptotic limit is a symmetric periodic orbit P of µRS(P ) = 3/2. The
bottom is an invariant finite energy plane v˜ = (b, v) : C→ R×L(p, 1) asymptotic to
P . Since µRS(P ) = 3/2, by Corollary 3.22 we find that v˜ is fast, and hence v is an
immersion transverse to the Reeb vector field. Moreover, it is somewhere injective.
Otherwise, there exists a somewhere injective invariant finite energy plane w˜ and a
polynomial q : C→ C with deg(q) ≥ 2 such that v˜ = w˜ ◦ q. This forces dv˜ to have
a zero, which is impossible since v˜ is an immersion. As in the previous subsection,
using positivity and stability of self-intersections of immersed pseudoholomorphic
curves, we find that v˜ is embedded.
We claim that there exists R ≫ 1 such that v is an embedding on C \ BR(0).
Lemma 6.7 implies that either P is simply covered or there exists a simply covered
non-contractible symmetric periodic orbit Pmin = (x, Tmin) such that P = (Pmin)
m
for some m ≥ 2 that divides p. In the first case, the claim is straightforward. We
now assume the last case. We shall show that +∞ is a relative prime puncture,
meaning that given a symmetric unitary trivialization Φ of x∗Tminξ, the winding
number windΦ
m
∞ (v˜) and m are relative prime integers. This is independent of the
choice of a trivialization. Once this is proved, the claim follows from [42, Lemma
2.11]. It remains to compute windΦ
m
∞ (v˜) with respect to a suitable trivialization Φ.
Let Ψ be the one constructed in the proof of Lemma 6.6. This is a symmetric uni-
tary trivialization of ξ along periodic orbit Q such that [Q] = 1 ∈ Zp ∼= π1(L(p, 1)).
Since P = (Pmin)
m is contractible, it follows that Ψp defines a symmetric uni-
tary trivialization of x∗T ξ. Recall that by µRS(P ) we mean the Robbin-Salamon
index of P computed using a symmetric unitary trivialization T that extends over
a symmetric spanning disk. In view of Lemma 3.7 we find that
µΨ
p
RS(P ) = µRS(P ) + wind(Ψ
p,T).
It is compute in [52, Section 4] that wind(Ψp,T) = p − 2. Since µRS(P ) = 3/2, it
follows that
µΨ
p
RS(P ) = p−
1
2
.
Using the analytic definition of the Robbin-Salamon index and the fastness of v˜ we
obtain that
windΨ
p
∞ (v˜) = 2wind
Ψp
∞ (v˜I) = p− 1.
Since Pmin is non-contractible, we have [Pmin] := r 6= 0 ∈ Zp ∼= π1(L(p, 1)) from
which we find that Ψr provides a symmetric unitary trivialization of ξ along Pmin.
We set Φ = Ψr and compute windΦ
m
∞ (v˜). We find that
windΦ
m
∞ (v˜) = wind
Ψrm
∞ (v˜) = wind
Ψnp
∞ (v˜) = nwind
Ψp
∞ (v˜) = n(p− 1),
where the fact that rm = np for some n ∈ N in the second identity follows from the
contractibility of P = (Pmin)
m. Since m divides p, the two integers m and p− 1 are
relative prime. It is easy to see that n and m are also relatively prime. Therefore,
windΦ
m
∞ (v˜) and m are relatively prime from which the claim is proved.
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In view of the previous claim, the argument given in [42, Section 3.1.8] carries
over to our case, and hence we have v(C) ∩ x(R) = ∅. Since v˜ is embedded, we are
able to apply [29, Theorem 2.3] to obtain that v : C → L(p, 1) \ x(R) is injective.
Therefore, we are able to compute the rational self-linking number of P with respect
to v, and by [40, Lemma 3.10] we have
sl(P ) = − 1
m
,
where m is the covering number of P that divides p. An application of [40, Lemma
7.3] tells us that P binds a λ-adapted m-rational open book decomposition with
disk-like pages. In view of [40, Theorem 1.3] we find that L(p, 1) is diffeomorphic
to L(m, k) for some k. The classification of lens spaces implies that m = p. We
have found that there exists a p-unknotted ρ-symmetric periodic orbit of sl = −1/p
whose p-th iterate has µRS = 3/2, provided that λ is non-degenerate.
As in the previous subsection, an argument using Remark 6.4 and Lemma 6.5
shows that there exists a sequence of non-degenerate contact forms λn on L(p, 1)
converging to λ such that ρ∗λn = −λn and for all n large enough, λn admits a
p-unknotted ρ-symmetric periodic orbit Pn of µRS(P
p
n) = 3/2 and sl(Pn) = −1/p.
Since their periods are uniformly bounded by πr21/p, by applying the Arzela`-Ascoli
theorem we find that up to subsequence, Pn converges in C
∞ to a ρ-symmetric
periodic orbit P of λ. Since P pn is contractible for every n, the p-th iterate P
n is
also contractible. The lower semi-continuity of the Conley-Zehnder index implies
that µCZ(P
p) ∈ {3, 4}. It is not hard to see that P is simply covered so that it is
transversely isotopic to Pn for n sufficiently large. Therefore, P is p-unknotted and
has sl(P ) = −1/p. This finishes the proof of Theorem 1.11.
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